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Abstract
An n-bit Gray code is a sequence of all n-bit vectors such that consecutive vectors differ in a single
bit. It is well-known that given α, β ∈ {0, 1}n, an n-bit Gray code between α and β exists iff the
Hamming distance d(α, β) of α and β is odd. We generalize this classical result to k pairwise disjoint
pairs αi, βi ∈ {0, 1}n: if d(αi, βi) is odd for all i and k < n, then the set of all n-bit vectors can be
partitioned into k sequences such that the i-th sequence leads from αi to βi and consecutive vectors differ
in a single bit. This holds for every n > 1 with one exception in the case when n = k + 1 = 4. Our
result is optimal in the sense that for every n > 2 there are n pairwise disjoint pairs αi, βi ∈ {0, 1}n with
d(αi, βi) odd for which such sequences do not exist.
Keywords: Gray code, Hamiltonian path, hypercube, path partition, prescribed endvertices
1 Introduction
An n-bit Gray code is a sequence of all 2n binary vectors of length n such that consecutive vectors differ
in a single coordinate. The code is named after Frank Gray who in 1953 patented a simple algorithm
to generate such a code for every n ≥ 1. Gray codes have found applications in such diverse areas as
information retrieval, signal encoding, image processing or data compression, and alternative constructions
of Gray codes satisfying certain additional properties have been widely studied [K05, S97].
It is well-known that given α, β ∈ {0, 1}n, an n-bit Gray code between α and β exists iff the Hamming
distance d(α, β) of α and β is odd [H84]. Caha and Koubek suggested the following generalization: A set
of k pairwise disjoint pairs αi, βi ∈ {0, 1}n is called connectable if there are k sequences of vectors of {0, 1}n
such that
(1) the i-th sequence leads from αi to βi for every i = 1, . . . , k,
(2) consecutive vectors differ in a single bit,
(3) each vector of {0, 1}n occurs in exactly one of these sequences.
In [CK07] they showed that {αi, βi}ki=1 with d(αi, βi) odd is connectable for every n ≥ 2 provided that
k ≤ (n− 1)/3, and asked about the maximum value of k for which this statement holds.
The connectability of {αi, βi}ki=1 for k = 2 follows from earlier works [LW87, D05, CK07], while instances
of the problem for k bounded by a small constant were systematically studied by Castan˜eda and Gotchev
[CG15, CGL09]. The authors of the present paper characterized the connectability of {αi, βi}ki=1 for k ≤
(n − 1)/2 [GD08] and showed that when k is unbounded, the problem becomes NP-hard or NP-complete,
depending on the instance description [DG08, DK10].
As observed in [DGK05], for every n > 2 there are n pairwise disjoint pairs αi, βi ∈ {0, 1}n with d(αi, βi)
odd for all i which are not connectable. Indeed, let the j-th coordinate of αi be 1 iff i = j, α be the zero
vector, and {β1, . . . , βn} ⊆ {0, 1}n \ {α1, . . . , αn, α} be arbitrary. If {αi, βi}ni=1 were connectable, then — by
condition (3) in the definition of connectability — α would be included in a sequence between αi and βi for
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some i. But — by condition (2) — this sequence has to pass through some αj , j 6= i, which means that αj
is included in both i-th and j-th sequences, contrary to (3).
The goal of this paper is to derive the maximum k for which {αi, βi}ki=1 with d(αi, βi) odd for all i is
connectable. The previous paragraph implies that k < n. Our main result shows this bound is also sufficient,
thus providing the optimal solution to this problem.
Main Theorem. Let A = {αi, βi}ki=1 ⊆ {0, 1}n, d(αi, βi) be odd for every i = 1, 2, . . . , k, and k < n > 0.
Then A is connectable except the case when n = 4 and A is isomorphic to the set C2 on Fig. 2.
The rest of this paper is organized as follows. The next section introduces notation and terminology,
surveys previous results, and deals with the problem for n ≤ 5. Section 3 describes a non-deterministic
algorithm (Construction 3.1) which forms a cornerstone of our inductive construction, with induction step
summarized as Proposition 3.10. Various special cases not covered by the general induction step are settled
in Section 4.
Note that to derive the main theorem which deals with at most n−1 odd pairs, we need to prove a rather
stronger statement. Thus our auxiliary results consider also n pairs at both odd and even distances.
2 Preliminaries
Each n-bit Gray code may be viewed as a Hamiltonian path in the graph of the n-dimensional hypercube Qn.
In the rest of this paper we therefore resort to this equivalent formulation and use standard graph-theoretic
terminology [B13].
Hypercubes are graphs on (0, 1)-vectors. We first recall basic definitions of hypercubes and describe
some tools that may be useful while working with vertices of a hypercube.
Let n ≥ 1 be a natural number and [n] = {0, 1, . . . , n − 1}. Let Vn be the set of all n-dimensional
(0, 1)-vectors, i.e. the set of all functions from [n] into [2] = {0, 1}. For α ∈ Vn and i ∈ [n], let α(i) denote
the i-th coordinate of α. For vectors α, β ∈ Vn, define (α ⊕ β)(i) = α(i) ⊕ β(i) for all i ∈ [n] where for
x, y ∈ [2] we have
x⊕ y =
{
0 if x = y,
1 if x 6= y.
Then ⊕ is a group operation of order 2 on the set Vn with the neutral element  where (i) = 0 for all i ∈ [n].
Let eni ∈ Vn for i ∈ [n] be vectors such that
eni (j) =
{
1 if i = j,
0 if i 6= j.
If n is clear from the context then we omit n and write only ei.
A hypercube Qn of dimension n is a graph with vertex set Vn, {α, β} being an edge when α⊕ β = ei for
some i ∈ [n]. The set of all edges of Qn is denoted by E(Qn).
In the following, we often need to transform n-dimensional vectors into dimensions n− 1 or n+ 1. For
this purpose, we employ the following operations. For i ∈ [n] and α ∈ Vn such that α(i) = k we define
ρi=k(α) ∈ Vn−1 as follows:
ρi=k(α)(j) =
{
α(j) if j < i,
α(j + 1) if j ≥ i
while ρi=k(α) is undefined if α(i) 6= k. Given a set X ⊆ Vn, i ∈ [n] and k ∈ [2], put ρi=k(X) = {ρi=k(α) |
α ∈ X}. Conversely, for a vector α ∈ Vn−1, i ∈ [n] and k ∈ [2], let ιi=k(α) be a vector of Vn such that
ιi=k(α)(j) =

α(j) if j < i,
k if j = i,
α(j − 1) if j > i.
For α ∈ Vn we define the parity χ(α) of α by χ(α) =
∏
i∈[n]−1α(i).
2
Let P2(Vn) = {{α, β} | α, β ∈ Vn} be the set of all multisets consisting of two elements of Vn. Note that
elements of P2(Vn) — which we call pairs — may consist of either two different or two identical elements
of Vn, both cases are needed throughout the paper. For {α, β} ∈ A ∈ P2(Vn) let χ(α, β) = χ(α) + χ(β) and
χ(A) =
∑
{α,β}∈A χ(α, β). Note that χ(α, α) is either 2 (if
∑
i∈[n] α(i) is even) or −2 (if
∑
i∈[n] α(i) is odd).
We say that a pair {α, β} ∈ P2(Vn) is
even if χ(α) = χ(β),
odd if χ(α) 6= χ(β),
degenerated if α = β,
edge-pair if α⊕ β = ei for some i ∈ [n].
Note that {α, β} is an edge-pair exactly when {α, β} ∈ E(Qn). A subset A ⊆ P2(Vn) is called a pair -set in
Qn if
• {α, β} ∩ {α′, β′} = ∅ for all distinct {α, β}, {α′, β′} ∈ A, and
• if A 6= ∅ then there exists {α, β} ∈ A with α 6= β.
Let Σn be the set of all pair-sets in Qn. For A ∈ Σn,
• |A| is the size of A,
• ‖A‖ denotes the number of odd pairs in A, and
• ⋃A = ⋃{α,β}∈A{α, β}.
Thus |A|−‖A‖ is the number of even pairs in A. For a positive integer k, let Σkn be the set of all pair-sets
A ∈ Σn with |A| ≤ k.
We say that a vertex α ∈ Vn is encompassed by a set X ⊆ Vn if for every edge {α, β} ∈ E(Qn) we have
β ∈ X. Let Enc0(X) be the set of all vertices encompassed by X and Enc(X) = Enc0(X) \ X. Given a
pair-set A, we set Enc0(A) = Enc0(
⋃
A), Enc(A) = Enc0(A) \
⋃
A and say that a vertex α is encompassed
by a pair-set A if α is encompassed by
⋃
A.
For a pair-set A ∈ Σn and i ∈ [n], let σi(A) = (n0, n1) where nk is the number of {α, β} ∈ A with
α(i) = β(i) = k for k ∈ [2]. Clearly, |A| = n0 + n1 + |{{α, β} ∈ A | α(i) 6= β(i)}| where σi(A) = (n0, n1).
Further, for k ∈ [2] define
ρi=k(A) = {{ρi=k(α), ρi=k(β)} | {α, β} ∈ A, α(i) = β(i) = k}.
Note that ρi=k(A) need not be a pair-set. Indeed, if ρi=k(A) 6= ∅ consists only of degenerate pairs, then —
by the definition — ρi=k(A) is not a pair-set. Observe that ρi=k(
⋃
A) can be distinct from
⋃
(ρi=k(A)). If
σi(A) = (n0, n1) and ρi=k(A) is a pair-set, then |ρi=k(A)| = nk for k ∈ [2]. Conversely, if A0, A1 ∈ Σn−1 and
k ∈ [2], we define
ιi,k(A0, A1) ={{ιi=k(α), ιi=k(β)} | {α, β} ∈ A0}∪
{{ιi=1−k(α), ιi=1−k(β)} | {α, β} ∈ A1}.
Clearly, ιi,k(A0, A1) ∈ Σn such that
ρi=k(ιi,k(A0, A1)) = A0 and ρi=1−k(ιi=k(A0, A1)) = A1.
If A is a pair-set such that n0+n1 = |A| where σi(A) = (n0, n1) for some i ∈ [n], then ιi,0(ρi=0(A), ρi=1(A)) =
A.
We say that a pair-set A ∈ Σn is
pure if α 6= β for all {α, β} ∈ A;
balanced if χ(A) = 0;
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odd if every pair in A is odd.
Let Bn and Ωn be the sets of all balanced and odd pair-sets from Σn, respectively, and put B
k
n = Bn ∩ Σkn
and Ωkn = Ωn ∩ Σkn for every k. Observe that if A ∈ Ωn, then ρi=k(A) ∈ Ωn−1 for all i ∈ [n] and k ∈ [2].
Observation 2.1. If A ∈ B2n−3n then |Enc0(A)| ≤ 2 and if α, β ∈ Enc0(A) are distinct then χ(α) 6= χ(β).
Moreover, if A ∈ B2n−4n , γ ∈ Enc0(A) and {α, β} ∈ A with {β, γ} ∈ E(Qn) and β′ ∈ Vn \
⋃
A such that
χ(β′) = χ(β), then
Enc0(A \ {{α, β}} ∪ {{α, β′}}) = Enc0(A) \ {γ}.
Proof. Recall that a vertex of Qn has exactly n neighbors, while two vertices of the same parity share at
most two common neighbors. Hence if distinct α, β ∈ Vn with χ(α) = χ(β) are encompassed by a set
X ⊆ Vn, then |{η ∈ X | χ(η) 6= χ(α)}| ≥ 2n − 2. If Enc0(A) contains at least three vertices, then two of
them must be of the same parity. Since |{α ∈ ⋃A | χ(α) = `}| ≤ k for A ∈ Bkn and ` ∈ {−1, 1}, it follows
that then |A| ≥ 2n− 2, contrary to the assumption that A ∈ B2n−3n . This settles the first statement.
The second statement follows from the following facts. First, γ /∈ Enc0(
⋃
A \ {β}). Second, {γ′ ∈
Enc0(A) | χ(γ′) 6= χ(γ)} = {γ′ ∈ Enc0(
⋃
A ∪ {β′}) | χ(γ′) 6= χ(γ)} because χ(γ′) 6= χ(γ) implies χ(γ′) =
χ(β′) and therefore β′ cannot be a neighbor of γ′. And finally,
|{η ∈
⋃
A | {η, γ′} ∈ E(Qn)}| ≤ |A| − (n− 2) < n− 1
for every γ′ ∈ Vn \ {γ} with χ(γ′) = χ(γ) because γ ∈ Enc0(A), which means that such γ′ cannot be
encompassed by
⋃
A ∪ {β′}.
An odd pair-set A ∈ Ωn called diminishable if
• |A| ≤ n− 1 and if n = 4 then
– either A contains an edge pair
– or there exists no subset
⋃
A ⊆ X ⊆ V4 such that the subgraph of Q4 induced by X is isomorphic
to Q3;
• |A| = n, n 6= 4, A contains at least two edge-pairs, and Enc(A) = ∅.
Let Υn be the set of all diminishable pair-sets in Σn. Given A ∈ Υn with |A| = n, we say that i ∈ [n] is
separating for A if there exist edge-pairs {α, β}, {α′, β′} ∈ A with α(i) = β(i) 6= α′(i) = β′(i).
A pair-set A ∈ Σn is called connectable if there exists a family {Pα,β | {α, β} ∈ A} of vertex-disjoint
paths in Qn such that Pα,β is a path between α and β and for every vertex γ ∈ Vn there is exactly one
{α, β} ∈ A such that path Pα,β passes through γ. Then the family {Pα,β | {α, β} ∈ A} is called a connector
of A. Observe that if {Pα,β | {α, β} ∈ A} is a connector of a pair-set A and {α, α} ∈ A, then Pα,α is a
singleton path consisting of α because it is the unique path from α into α. Let Γn denote the set of all
connectable pair-sets from Σn.
Note that if there exists a vertex α ∈ Enc(A) for an odd pair-set A, then A is not connectable, because
χ(β) = χ(β′) for all {α, β}, {α, β′} ∈ E(Qn), and therefore any path of length > 1 passing through α visits
two distinct pairs of A. Hence Ωnn \ Γn 6= ∅ for every n ≥ 3. This argument fails for diminishable pairs,
because if α ∈ Enc0(A) then α ∈
⋃
A. In fact, our main result says that every diminishable pair-set A ∈ Υn
is connectable.
If P is a path in Qn between α and β and γ, δ ∈ Vn are vertices that belong to P , then we say that γ is
closer to α than δ in P if the subpath of P between α and γ does not contain δ.
For A,B ∈ Σn we write A =⇒ B if there exist {α, β}, {α′, β′} ∈ A and i ∈ [n] such that β⊕ ei = β′ and
B = (A \ {{α, β}, {α′, β′}}) ∪ {{α, α′}}. The transitive and reflexive closure of =⇒ is denoted by ∗=⇒ .
We say that a pair-set A is an i-completion of a pair-set B if A
∗
=⇒ B and |A| = n0 + n1 where
σi(A) = (n0, n1). Note that then A = ιi,0(ρi=0(A), ρi=1(A)).
The following easy lemma motivates these notions and forms the cornerstone of our proofs.
Lemma 2.2. Let n ≥ 1 be a natural number. Then
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(1) if A ∈ Γn and A ∗=⇒ B then B ∈ Γn;
(2) if n > 1 and A,B ∈ Γn−1, then ιi,k(A,B) ∈ Γn for every i ∈ [n] and k ∈ [2];
(3) if A is balanced and B
∗
=⇒ A then B is balanced;
(4) if A ∈ Γn then A is balanced;
(5) if A ∈ Ωn then A is balanced;
(6) if A ∈ Υn and |A| = n, then there exists i ∈ [n] such that i is separating for A;
(7) If B ∈ Σn is an i-completion of A and ρi=0(B), ρi=1(B) ∈ Γn−1, then A ∈ Γn.
Observe that if A ∈ Σn is balanced, then there exists a perfect matching R on even pairs from A such
that {{α, β}, {α′, β′}} ∈ R implies χ(α, β) + χ(α′, β′) = 0. Note that then |R| = |A|−‖A‖2 . Such a perfect
matching is called (A, i)-matching for i ∈ [n] if for every pair of degenerated pairs {{α, α}, {β, β}} ∈ R we
have α(i) = β(i).
Finally, we recall several known results that shall be useful for our main theorem.
Proposition 2.3. Let n ≥ 1 be a natural number. Then
(1) [H84] a singleton pair-set A belongs to Γn if and only if A is odd;
(2) [LW87] if A = {{α, β}, {γ, γ}} ∈ Bn, then A ∈ Γn;
(3) [D05] Ω2n ⊆ Γn;
(4) [CK07] if A ∈ B2n is pure with ||A|| = 0 and n ≥ 4, then A ∈ Γn;
(5) [CK07] if A ∈ Ω3n and n ≥ 5, then A ∈ Γn;
(6) [CG15, CGL09] if A ∈ B3n with n ≥ 4 and ‖A‖ = 1, then A ∈ Γn;
(7) [CG15, CGL09] if A ∈ B4n is not pure and n ≥ 5, then A ∈ Γn;
(8) [CG15] if A ∈ B4n, ‖A‖ = 2, n ≥ 4, and A has two degenerated pairs then A ∈ Γn;
(9) [CG15] if A ∈ B5n, n ≥ 5 and A has four degenerated pairs then A ∈ Γn;
(10) [GD08] B
bn−1
2
c
n ⊆ Γn for every n ≥ 1;
(11) [CG15, Lemma 5.2] if A ⊆ Vn is a set of k vertices of the same parity, 1 ≤ k ≤ n, then |{α ∈ Vn |
{α, β} ∈ E(Qn) for some β ∈ A}| ≤ 1 + kn−
(
k+1
2
)
.
At the end of this section we state several folklore and simple results on connectable pair-sets in hyper-
cubes of dimension at most 5. Note that these statements deal only with pair-sets of small dimensions, and
therefore we were able to verify them by a computer search. Formal proofs are — due to their technicality
and length — moved to another paper [DGK15].
We say that pair-sets A,B ∈ Σn are isomorphic if there exists an automorphism f of a hypercube Qn
such that B = {{f(α), f(β)} | {α, β} ∈ A}. The following Proposition 2.4 may be verified by inspection.
Proposition 2.4. Let A ∈ B3. Then
(1) if |A| = 2 then A is connectable if and only if A is not isomorphic to the pair-sets C0 and C1 on Fig. 1;
(2) if A is diminishable then A is connectable.
Proposition 2.5. Let A ∈ Ω4 be a pair-set. Then
(1) if |A| ≤ 3 then A is connectable if and only if A is not isomorphic to the pair-set C2 on Fig. 2;
(2) if |A| = 4, A contains at least three edge pairs and Enc(A) = ∅, then A is connectable.
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C0 = {{α0, β0}, {α1, β1}} C1 = {{α0, β0}, {α1, β1}}
Figure 1: The only non-connectable balanced pair-sets in Q3
C2 = {{αi, βi} | i = 0, 1, 2}
Figure 2: The only non-connectable odd pair-set in Q4
Remark. Assumptions of Proposition 2.5 (2) are the best possible in the following sense: By a computer
search we identified 53 non-connectable pair-sets A ∈ Ω4 such that |A| = 4, A contains two edge pairs and
Enc(A) = ∅.
In the rest of this text we often use the following consequence of Proposition 2.5.
Corollary 2.6. If A ∈ Ω4 with |A| = 3 and either A contains an edge pair or for every k ∈ [4] there exists
a pair {α, β} ∈ A with α(k) 6= β(k), then A is connectable.
The following theorem serves as an initial step for the inductive construction, described in the next
section. Note that we were able to verify its statement by a computer search.
Theorem 2.7. Υ5 ⊆ Γ5.
3 Induction step
First we present a general construction for a reduction of dimension. Under some conditions imposed on
a given pair-set A ∈ Σn, we construct two pair-sets in Σn−1 such that if these pair-sets are connectable,
then A is also connectable. This construction exploits the concept of i-completion. The section is concluded
when we prove that under some conditions, this construction may be applied to diminishable pairs.
Construction 3.1. Let i ∈ [n] and A ∈ Σn be a non-empty balanced pair-set. Choose an (A, i)-matching
R, set B = ∅ and A′ = A and repeat one of the following steps whenever it is possible until A′ = ∅:
(i) if {α, β} ∈ A′ is an odd pair and α(i) = β(i), then add {α, β} to B and delete {α, β} from A′;
(ii) if {α, β} ∈ A′ is an odd pair and α(i) 6= β(i), then choose γ ∈ Vn such that γ(i) = α(i), χ(α) 6= χ(γ)
and γ, γ ⊕ ei /∈
⋃
A ∪⋃B, add {α, γ} and {γ ⊕ ei, β} to B and delete {α, β} from A′;
(iii) if {α, β}, {α′, β′} ∈ A′ are even such that {{α, β}, {α′, β′}} ∈ R and α(i) = β(i) = α′(i) = β′(i), then
add {α, β} and {α′, β′} to B and delete {α, β} and {α′, β′} from A′;
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(iv) if {α, β}, {α′, β′} ∈ A′ are even such that {{α, β}, {α′, β′}} ∈ R and β′(i) = k 6= α(i) = β(i) = α′(i)
for some k ∈ [2] — choose γ ∈ Vn such that γ(i) 6= k, χ(γ) = χ(α′) and γ, γ ⊕ ei /∈
⋃
A ∪⋃B, add
{α, β}, {α′, γ} and {γ ⊕ ei, β′} to B and delete {α, β} and {α′, β′} from A′;
(v) if {α, β}, {α′, β′} ∈ A′ are even such that {{α, β}, {α′, β′}} ∈ R, α(i) = β(i) 6= α′(i) = β′(i) and {α′, β′}
is not degenerated, then choose distinct γ, γ′ ∈ Vn such that γ(i) = γ′(i) = α′(i), χ(γ) = χ(γ′) 6= χ(α′)
and γ, γ′, γ ⊕ ei, γ′ ⊕ ei /∈
⋃
A ∪ ⋃B, add {α, β}, {α′, γ}, {β′, γ′}, {γ ⊕ ei, γ′ ⊕ ei} to B and delete
{α, β} and {α′, β′} from A′;
(vi) if {α, β}, {α′, β′} ∈ A′ are even such that {{α, β}, {α′, β′}} ∈ R, α(i) 6= β(i), α′(i) 6= β′(i), then
— assuming without loss of generality that α(i) = α′(i) — choose distinct γ, γ′ ∈ Vn such that
γ(i) = γ′(i) = α(i), χ(γ) = χ(α), χ(γ′) = χ(α′) and γ, γ′, γ ⊕ ei, γ′ ⊕ ei /∈
⋃
A ∪ ⋃B, add {α, γ},
{α′, γ′}, {γ ⊕ ei, β}, {γ′ ⊕ ei, β′} to B and delete {α, β} and {α′, β′} from A′.
If the vertex γ required for steps (ii) or (iv) does not exist, or the vertices γ and γ′ required for steps (v)
or (vi) do not exist, then Construction 3.1 ends unsuccessfully, i.e. with A′ 6= ∅. If for each of the steps
(ii),(iv),(v) or (vi) the required vertices exist, then Construction 3.1 ends successfully and creates a set B.
The set of all sets B that were successfully constructed from a set A by Construction 3.1 is denoted by Ci(A).
Observe that every B ∈ Ci(A) is a pair-set. Indeed, if a step of Construction 3.1 treats a non-degenerate
pair {α, β}, then it adds a non-degenerate pair into B. If the sets B and A′ were constructed by execution
of some sequence of successfull steps of Construction 3.1, then B ∪ A′ is a pair-set that is called a partial
i-completion of a balanced pair-set A for an (A, i)-matching R.
Proposition 3.2. Let i ∈ [n] and A ∈ Bn such that A 6= ∅. Then
(1) Construction 3.1 is non-deterministic: by a selection of (A, i)-matching R and by choices in steps (ii),
(iv), (v), and (vi), more pair-sets may be obtained.
(2) every partial i-completion of A has the same family of degenerated pairs as A;
(3) ρi=k(A) ⊆ ρi=k(B) for every partial i-completion B of A and both k ∈ [2];
(4) every partial i-completion B of A is balanced and B
∗
=⇒ A;
(5) every B ∈ Ci(A) is an i-completion of A;
(6) if B′ ∈ Ci(B) for a partial i-completion B of A, then B′ ∈ Ci(A).
Proof. Statements (1) – (3) and (6) follow from the definitions of Construction 3.1 and partial i-completion.
Referring to the notation of Construction 3.1, if a step adds an even pair into B, then it actually adds two
even pairs of distinct parities. Because A is balanced, every partial i-completion of A must be balanced as
well. Moreover, if a step deletes some {α, β} from A′, then it adds into B either {α, β}, or {α, γ}, {γ⊕ei, β},
or {α, γ}, {β, γ′}, {γ ⊕ ei, γ′ ⊕ ei} for suitable γ, γ′. Therefore if B ∪ A′ ∗=⇒ A before this step, then also
B ∪A′ ∗=⇒ A for the new values of A′ and B after this step. It follows that after every successful sequence
of steps of Construction 3.1 we have B ∪ A′ ∗=⇒ A and (4) is proved. Since every {α, β} ∈ B ∈ Ci(A)
satisfies α(i) = β(i), the statement (5) is proved.
A pair-set B ∈ Ci(A) is called a simple i-completion of A. Our next important task is to find a condition
under which every partial i-completion of A can be extended to a simple i-completion of A.
Lemma 3.3. Let i ∈ [n], A ∈ Σn be a balanced pair-set, and R be an (A, i)-matching such that
2|A| − k0 − 2k1 − k2 ≤ 2n−2 or A is odd and 2|A| − k0 − 1 ≤ 2n−2
where
• k0 is the number of odd pairs {α, β} ∈ A with α(i) = β(i),
• k1 is the number of {{α, β}, {α′, β′}} ∈ R with α(i) = β(i) = α′(i) = β′(i),
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• k2 is the number of {{α, β}, {α′, β′}} ∈ R with α(i) = β(i) = α′(i) 6= β′(i).
Then, for every partial i-completion B of A and either for every odd pair {α, β} ∈ A′ or for every even
pairs {α, β}, {α′, β′} ∈ A′ with {{α, β}{α′, β′}} ∈ R we can successfully execute the required step of Con-
struction 3.1. Hence Ci(B) 6= ∅ and, in particular, Ci(A) 6= ∅. Moreover, for every B ∈ Ci(A) we have
|B| = 2|A| − k0 − 2k1 − k2 and |ρi=`(B)| ≤ |A| for both ` ∈ [2].
Remark. Lemma 3.3 states that if A ∈ Σn, i ∈ [n] and (A, i)-matching R satisfy the assumptions of
Lemma 3.3, then Construction 3.1 always successfully ends, no matter which γ or γ′ were possibly chosen
in steps (ii), (iv), (v), or (vi) of Construction 3.1.
Proof of Lemma 3.3. First note that we need not consider steps (i) and (iii) of Construction 3.1, as they
do not require choosing any additional vertices and therefore can be always performed. We have to prove
that in steps (ii) and (iv) we can choose a vertex γ, and in steps (v) and (vi) we can choose vertices γ, γ′
satisfying the requirements. The requirements are of three types:
1st determines the i-th coordinate of γ or γ′,
2nd determines χ(γ) or χ(γ′),
3rd forbids some vertices.
Assume that one of the steps (ii), (iv) – (vi) of Construction 3.1 is to be executed. Let X ⊆ Vn be
a set satisfying the first two requirements, then |X| = 2n−2. To deal with the third requirement, we
analyze the reasons why a vertex is forbidden. Observe that a vertex γ is forbidden if γ ∈ ⋃A′ ∪ ⋃B
or γ ⊕ ei ∈
⋃
A′ ∪ ⋃B. Since the i-th coordinate of γ or γ′ is fixed by the 1st requirement, any pair of
vertices {α, α ⊕ ei} such that {α, α ⊕ ei} ∩ (
⋃
A′ ∪ ⋃B) 6= ∅ forbids at most one vertex of X. Moreover,
{α, α⊕ ei}∩ (
⋃
A′ ∪⋃B) 6= ∅ if and only if either {α, α⊕ ei}∩⋃A′ 6= ∅ or one vertex from {α, α⊕ ei} was
chosen in a preceding step of Construction 3.1 and in this case {α, α⊕ ei} ⊆
⋃
B. Thus
• either γ ∈ {α, β} ∈ A′,
• or there exists an odd {α, β} ∈ A′ \A such that γ ∈ {α, β} or γ was chosen by the execution of a step
of Construction 3.1 on {α, β} (if {α, β} was deleted from A′),
• or there exists a pair {{α, β}, {α′, β′}} ∈ R of even pairs and γ ∈ {α, β, α′, β′} or γ was chosen by the
execution of a step of Construction 3.1 on {{α, β}, {α′, β′}} (if {α, β}, {α′, β′} were deleted from A′).
In the second case we say that {α, β} forbids γ, in the third case we say that {{α, β}, {α′, β′}} ∈ R forbids
γ. In the first case, if {α, β} is even, then there exists {α′, β′} ∈ A′ such that {{α, β}, {α′, β′}} ∈ R and in
this case we say that {{α, β}, {α′, β′}} ∈ R forbids γ; if {α, β} is odd then {α, β} forbids γ. To perform a
more detailed analysis of this process, we investigate odd pairs of A and elements of (A, i)-matching R.
Let {α, β} ∈ A be an odd pair. If α(i) = β(i), then this pair forbids only one vertex regardless whether
{α, β} ∈ A′ or {α, β} 6∈ A′, because χ(α) 6= χ(β) and X consists – by the 2nd requirement – of vertices of
the same parity. If α(i) 6= β(i) and {α, β} ∈ A′, then vertices α and β forbid either two vertices of X or no
vertex of X; the latter case occurs, in particular, if the step to be executed deals with {α, β}. If {α, β} /∈ A′,
then {α, β} was treated previously by step (ii): recall that this step adds into B two odd pairs with the
same i-th coordinate, so these pairs forbid two vertices of X. In all cases, {α, β} forbids at most two vertices
of X.
Let {{α, β}, {α′, β′}} ∈ R. If α(i) = α′(i) = β(i) = β′(i), then these vertices forbid two vertices in
X regardless whether {α, β} ∈ A′ or {α, β} 6∈ A′. Next assume that α(i) = β(i) = α′(i) 6= β′(i). If
{α, β}, {α′, β′} /∈ A′, then {α, β} and {α′, β′} were treated previously by step (iv): recall that this step adds
into B two even pairs with distinct parities and the same i-th coordinate and one odd pair with the same
i-th coordinate, which forbids three vertices of X. If {α, β}, {α′, β′} ∈ A′, then these vertices forbid either
three vertices or one vertex of X; the latter case occurs in particular if {α, β} and {α′, β′} are treated by
the step to be executed. Assume that α(i) = α′(i) 6= β(i) = β′(i). If {α, β}, {α′, β′} /∈ A′, then {α, β}
and {α′, β′} were treated previously by step (vi): recall that this step adds into B two even pairs with
distinct parities and the same i-th coordinate and two odd pairs with the same i-th coordinate, which
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forbids four vertices of X. If {α, β}, {α′, β′} ∈ A′, then these vertices forbid two vertices of X; note that
this happens in particular if {α, β} and {α′, β′} are treated by the step to be the executed. Finally assume
that α(i) = β(i) 6= α′(i) = β′(i). If {α, β}, {α′, β′} /∈ A′, then {α, β} and {α′, β′} were treated previously by
step (v): recall that this step adds into B two even pairs with distinct parities and the same i-th coordinate
and two odd pairs with the same i-th coordinate, which forbids four vertices of X. If {α, β}, {α′, β′} ∈ A′,
then these vertices forbid either four vertices of X or no vertex of X; the latter case occurs in particular if
{α, β} and {α′, β′} are treated by the step to be executed.
To sum up these contributions, let
• `0 be the number of odd pairs {α, β} ∈ A with α(i) = β(i);
• `1 be the number of odd pairs {α, β} ∈ A with α(i) 6= β(i);
• `2 be the number of elements {{α, β}, {α′, β′}} ∈ R with α(i) = β(i) = α′(i) = β′(i);
• `3 be the number of elements {{α, β}, {α′, β′}} ∈ R such that exactly three vertices from the set
{α, β, α′, β′} have the same i-th coordinate;
• `4 be the number of elements {{α, β}, {α′, β′}} ∈ R with α(i) = α′(i) 6= β(i) = β′(i);
• `5 be the number of elements {{α, β}, {α′, β′}} ∈ R with α(i) = β(i) 6= α′(i) = β′(i).
Then the number of forbidden vertices of X is at most `0 + 2(`1 + `2) + 3`3 + 4(`4 + `5) − 2. Since
|A| = `0 + `1 + 2(`2 + `3 + `4 + `5), k0 = `0, k1 = `2, k2 = `3 and 2|A| − k0 − 2k1 − k2 ≤ 2n−2 = |X|, we
obtain that
|X| − (`0 + 2(`1 + `2) + 3`3 + 4(`4 + `5)− 2) ≥ 2
(or if A is odd then |X| − (`0 + 2`1 − 2) ≥ 1) and therefore X always contains a vertex γ in steps (ii) and
(iv) or vertices γ, γ′ in steps (v) and (vi) that are not forbidden. Clearly, for every B ∈ Ci(A) we have
|B| = `0 + 2(`1 + `2) + 3`3 + 4(`4 + `5) = 2|A| − k0 − 2k1 − k2. For l ∈ [2], each of steps
• (i) – (ii) deletes one pair from A′ and adds into B at most one pair {α, β} with α(i) = β(i) = l,
• (iii) – (vi) deletes two pairs from A′ and adds into B at most two pairs {α, β} with α(i) = β(i) = l,
which means that |ρi=`(B)| ≤ |A| and the proof is complete.
Lemma 3.4. Let A ∈ Bn.
(1) If 2|A| ≤ 2n−2, then Ci(A) 6= ∅ for every i ∈ [n];
(2) if |A| ≤ n− 1 and n ≥ 5, then Ci(A) 6= ∅ for every i ∈ [n];
(3) if A is diminishable and |A| = n ≥ 5, then there exists a separating i ∈ [n] and for every separating
i ∈ [n] we have Ci(A) 6= ∅;
(4) if A is odd, |A| = n− 1 and n ≥ 4, then there exists i ∈ [4] such that Ci(A) 6= ∅;
(5) if i ∈ [n] and B is a partial i-completion of A, then
|A| − kA1 − kA2 ≥ |B| − kB1 − kB2 ;
where
• kA1 (or kB1 ) is the number of odd pairs {α, β} ∈ A (or {α, β} ∈ B) with α(i) = β(i),
• kA2 (or kB2 ) is the number of even pairs {α, β} ∈ A (or {α, β} ∈ B) with α(i) = β(i).
(6) if B is a simple i-completion of A where i ∈ [n] and {α, β} ∈ A is an odd pair with α(i) = β(i), then
{α, β} ∈ B;
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(7) if A is odd such that 2|A| − n0 − n1 < 2n−2, |A| − nj ≤ n − 1 for both j ∈ [2] where σi(A) = (n0, n1)
and Enc(ρi=`
⋃
(A)) = ∅ for both ` ∈ [2], then there exists a simple i-completion B of A such that
Enc(ρi=`(B)) = ∅ for both ` ∈ [2].
Proof. (1) follows from Lemma 3.3. Since 2(n − 1) ≤ 2n−2 for n ≥ 5, part (2) follows from Lemma 3.3
as well. To verify (3), observe that the conditions imposed on A in this case guarantee that there exists a
separating i ∈ [n]. Moreover, for every separating i ∈ [n] we have n0, n1 ≥ 1 where σi(A) = (n0, n1) and
therefore k0 = |{{α, β} ∈ A | α(i) = β(i)}| = n0 + n1 ≥ 2. Hence 2|A| − k0 ≤ 2n− 2 ≤ 2n−2 and Ci(A) 6= ∅
by Lemma 3.3, which completes the proof of (3). If A ∈ Ωn and |A| = n− 1 for n ≥ 4 then, by Lemma 3.3,
Ci(A) = ∅ implies that n = 4 and σi(A) = (0, 0), but since A is odd while n = 4 is even, there exists i ∈ [4]
such that σi(A) 6= (0, 0) and (4) is proved.
To prove (5), consider pair-sets B1 and B2 such that B2 arises from a partial i-completion B1 of A by
one step of Construction 3.1. Let k1 (or k
′
1) be the number of odd pairs {α, β} ∈ B1 (or {α, β} ∈ B2) with
α(i) = β(i) and let k2 (or k
′
2) be the number of even pairs {α, β} ∈ B1 (or {α, β} ∈ B2) with α(i) = β(i). If
B2 arises by step (i) or (iii) of Construction 3.1, then |B1| = |B2|, k1 = k′1 and k2 = k′2, if B2 arises by step
(ii) then |B1|+ 1 = |B2|, k1 + 2 = k′1 and k2 = k′2, if B2 arises by step (iv) then |B1|+ 1 = |B2|, k1 + 1 = k′1
and k2 + 1 = k
′
2, and if B2 arises by step (v) or (vi) then |B1|+ 2 = |B2|, k1 + 2 = k′1 and k2 + 2 = k′2. Thus
|B1| − k1 − k2 ≥ |B2| − k′1 − k′2 and hence by an easy induction we obtain (5).
(6) follows from the fact that in this case, step (i) of Construction 3.1 must be applied to {α, β}. To
prove (7), consider a partial i-completion B1 of A. Let σi(B1) = (m0,m1) and let B2 arise from B1 by one
step of Construction 3.1. If B2 is created from B1 by step (i) then |B2| = |B1|, σi(B2) = (m0,m1) and
Enc(B1) = Enc(B2). If B2 is created from B1 by step (ii) then |B2| = |B1|+1 and σi(B2) = (m0+1,m1+1).
Hence if σi(A) = (n0, n1) then, by induction, we obtain that m0 = n0 + |B1| − |A|, m1 = n1 + |B1| − |A| and
thus 2|B1| −m0 −m1 = 2|A| − n0 − n1. In the following we assume that B1 is a partial i-completion of A
which is not an i-completion of A and Enc(ρi=`(
⋃
B1)) = ∅ for both ` ∈ [2]. Hence |B1| < 2|A| − n0 − n1
since k0 = n0+n1 and, by Lemma 3.3, 2|A|−k0 ≥ |B2| > |B1|. Then in Construction 3.1 we have A′ 6= ∅ and
assume that the next step of Construction 3.1 is applied on {α, β} ∈ A′. If α(i) = β(i), then necessarily step
(i) is applied, which means that B2 = B1 and Enc(ρi=`(
⋃
B2)) = ∅ for both ` ∈ [2]. Thus we can assume
that α(i) = 0 6= β(i). Our aim is to prove that there exists γ ∈ Vn \
⋃
B1 such that γ(i) = 0, χ(γ) 6= χ(α),
γ⊕ ei /∈
⋃
B1 and Enc(ρi=`(
⋃
B1 ∪{γ, γ⊕ ei})) = ∅ for both ` ∈ [2]. If step (ii) of Construction 3.1 chooses
γ with these properties, then B2 arising from B1 satisfies Enc(ρi=`(
⋃
B2)) = ∅ for both ` ∈ [2]. To prove
the existence of such a γ, let X = {η ∈ Vn | η(i) = 0, χ(η) 6= χ(α)}, note that then |X| = 2n−2. In the proof
of Lemma 3.3 we prove that the number of γ ∈ X that do not forbid is at least 2|A| − n0 − n1 − 2 and, by
the foregoing discussion, 2|B1| −m0 −m1 − 2 = 2|A| − n0 − n1 − 2. If ρi=0(η) ∈ Enc(ρi=0(
⋃
B1 ∪ {γ})) for
some γ ∈ X, then η(i) = 0 and {γ, η} ∈ E(Qn) and
|{ν ∈
⋃
B1 | ν(i) = 0, {ν, η} ∈ E(Qn)}| = n− 2.
Analogously if ρi=1(η) ∈ Enc(ρi=1(
⋃
B1 ∪ {γ ⊕ ei})) for some γ ∈ X then η(i) = 1 and {γ ⊕ ei, η} ∈ E(Qn)
and
|{ν ∈
⋃
B1 | ν(i) = 1, {ν, η} ∈ E(Qn)}| = n− 2
because Enc(ρi=`(
⋃
B1)) = ∅ for both ` ∈ [2]. By a straightforward computation
|{ν ∈
⋃
B1 | ν(i) = 0, χ(ν) 6= χ(α)}| ≤ |A| − n1 − 1 ≤ n− 2
and
|{ν ∈
⋃
B1 | ν(i) = 1, χ(ν) = χ(α)}| ≤ |A| − n0 − 1 ≤ n− 2
because χ(α) 6= χ(γ) = χ(β) and β(i) = 1 6= γ(i). By Observation 2.1 there exists at most one γ ∈ X
such that Enc(ρi=0(
⋃
B1) ∪ {γ})) 6= ∅ and there exists at most one γ′ ∈ X such that Enc(ρi=1(
⋃
B1) ∪
{γ′ ⊕ ei})) 6= ∅. Including these encompassed vertices among forbidden vertices and using the fact that
2|A| − n0 − n1 < 2n−2, we conclude that there exists a vertex γ ∈ X that is not forbidden. Thus if
we select such a γ, the step (ii) of Construction 3.1 creates a partial i-completion B2 from B1 such that
Enc(ρi=`(
⋃
B2)) = ∅ for both ` ∈ [2]. An easy induction on steps of Construction 3.1 completes the proof
of (7).
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Next we give properties of pair-sets in Ci(A).
Lemma 3.5. Let A ∈ Bn, i ∈ [n] and let R be an (A, i)-matching. For k ∈ [2] let
mo,k be the number of odd {α, β} ∈ A with α(i) = β(i) = k;
me,k be the number of pairs {{α, β}, {α′, β′}} ∈ R such that α(i) = β(i) = α′(i) = β′(i) = k;
m3,k be the number of {{α, β}, {α′, β′}} ∈ R such that exactly three vertices from {α, β, α′, β′} have its the
i-th coordinate equal to k.
then
(1) for every B ∈ Ci(A) we have |B| − ‖B‖ = |A| − ‖A‖;
(2) for every B ∈ Ci(A) and both k ∈ [2] we have |ρi=1−k(B)| = |A| − (mo,k + 2me,k +m3,k);
(3) if 2|A| ≤ 2n−2 and σi(A) = (n0, n1), then for each k ∈ [2] there exists B ∈ Ci(A) such that
‖A‖ −mo,1−k +m3,1−k ≤‖ρi=k(B)‖ ≤ ‖A‖ −mo,1−k + 2(|R| −me,0 −me,1 −m3,0)−m3,1,
2(me,k +m3,k) ≤|ρi=k(B)| − ‖ρi=k(B)‖ ≤ 2(|R| −me,1−k −m3,1−k),
|ρi=k(B)| = 2‖A‖ −mo,0 −mo,1 + 2|R| − 2me,1−k −m3,1−k.
Proof. If a step of Construction 3.1 deletes some even pairs from A′, then the same number of even pairs is
inserted into B. Hence |A| − ‖A‖ = |B| − ‖B‖ and (1) is proved.
To prove (2), let k ∈ [2] and observe the step of Construction 3.1 omitting an edge {α, β} from A′. If this
step omits odd pair from A′, then it adds one odd pair to ρi=1−k(B) except α(i) = β(i) = k, The number
of these steps is mo,k. If this step omits two pairs {α, β}, {α′, β′} from A′, then {α, β} and {α′, β′} are even
pairs. This step adds two pairs to ρi=1−k(B) except that
• either α(i) = β(i) = α′(i) = β′(i) = k — this step adds no pair to ρi=1−k(B) and the number of such
steps is me,k
• or |{γ ∈ {α, β, α′, β′ | γ(i) = k}| = 3 — this step adds one pair to ρi=1−k(B) and the number of such
steps is m3,k.
Therefore |ρi=1−k(B)| = |A| − (mo,k + 2me,k +m3,k) and (2) is proved.
To prove (3), we have to analyse steps more carefully. Step (i) (or (iii)) only shifts pairs from A′ to B,
and it is repeated mo,0 + mo,1-times (or me,0 + me,1-times). Thus step (i) (or (iii)) adds mo,k (or 2me,k)
odd (or even) pairs {α, β} with α(i) = β(i) = k to B. Step (ii) is repeated ‖A‖ − (mo,0 + mo,1)-times
and it adds two odd pairs {α, β} and {α′, β′} with α(i) = β(i) 6= α′(i) = β′(i) to B. Step (iv) is repeated
m3,0 +m3,1-times, and it adds to B
2m3,0 even pairs {α, β} with α(i) = β(i) = 0,
m3,1 odd pairs {α, β} to with α(i) = β(i) = 0,
2m3,1 even pairs {α, β} with α(i) = β(i) = 1,
m3,0 odd pairs {α, β} with α(i) = β(i) = 1.
Steps (v) and (vi) are repeated |R| − (me,0 + me,1 + m3,0 + m3,1)-times altogether. Note that they non-
deterministically select k ∈ [2], and then they add two even pairs to ρk(B) as well as two odd pairs to
ρ1−k(B). Assuming that these steps select the same k, we conclude that they add
2(|R| − (me,0 +me,1 +m3,0 +m3,1) even pairs to ρk(B), and
2(|R| − (me,0 +me,1 +m3,0 +m3,1) odd pairs to ρ1−k(B).
If we sum all these numbers and use (1), then we obtain the equalities of (3). To complete the proof of (3),
note that the existence of B ∈ Ci(A) satisfying these equalities follows from Lemma 3.3.
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Corollary 3.6. Let n and m be natural numbers with m < n ≥ 5. If every balanced pair-set (or odd pair-set)
A ∈ Σn of size |A| = m belongs to Γn, then Bmn′ ⊆ Γn′ (or Ωmn′ ⊆ Γn′) for every n′ ≥ n.
Proof. Let m′ < m and B ∈ Bm′n (or B ∈ Ωm
′
n ). Select a non-degenerated pair {α, β} ∈ B. Since n ≥ 5,
there exist k = m−m′ pairwise disjoint edge-pairs {αi, βi} ⊆ Vn \
⋃
B such that χ(α) 6= χ(αi) for all i ∈ [k].
It follows that
• {α, α0} and {βi, αi+1} are odd pairs for all i ∈ [k − 2];
• χ(βk−1, β) = χ(α, β).
Replacing {α, β} in B with {α, α0}, {β0, α1}, . . . , {βk−2, αk−1}, {βk−1, β}, we obtain a balanced (or odd)
pair-set A ∈ Σn such that A ∗=⇒ B and |A| = m. By Lemma 2.2, if A ∈ Γn, then B ∈ Γn as well.
Now let n′ > n and m′ ≤ m and A ∈ Bm′n′ (or A ∈ Ωm
′
n′ ) pair-set with |A| = m′. By Lem-
mas 3.4 and 3.5, for every i ∈ [n′] there exists an i-completion B of A such that |B| − ‖B‖ = |A| − ‖A‖
and |ρi=0(B)|, |ρi=1(B)| ≤ |A|. Further if A is odd, then ρi=0(B) and ρi=1(B) are odd pair-sets. If
ρi=0(B), ρi=1(B) ∈ Γn−1 then by Lemma 2.2 we have A ∈ Γn. To complete the proof of the corollary,
we argue by induction on n′, where the initial step is for n′ = n.
Another easy consequence that gives the first step of reduction is the following corollary.
Corollary 3.7. Let A ∈ Ωn−1n be an odd pair-set for n ≥ 5 such that for some i ∈ [n] we have σi(A) =
(n0, n1) where n0 6= 0 6= n1. Then for every simple i-completion B of A we have ρi=0(B), ρi=1(B) ∈ Ωn−2n−1.
Thus if Ωn−2n−1 ⊆ Γn−1, then A ∈ Γn.
Let A ∈ Υn be a diminishable pair-set for n ≥ 5 such that for some i ∈ [n] we have σi(A) = (n0, n1)
where n0, n1 > 1. Then for every simple i-completion B of A we have ρi=0(B), ρi=1(B) ∈ Ωn−2n−1. Thus if
Ωn−2n−1 ⊆ Γn−1, then A ∈ Γn.
The rest of this section is devoted to diminishable pair-sets.
Lemma 3.8. Let n > 4, A ∈ Υn, σi(A) = (n0, n1) for some i ∈ n, and if |A| = n then i is separating for
A. Then
(1) if |A| = n − 1 and n1 = 0, or |A| = n and n1 = 1, then γ ∈ Enc(ρi=1(
⋃
A) implies |A| = n − 1 and
n0 = 0 or |A| = n and n0 ≤ 1;
(2) there are at most two distinct γ, γ′ ∈ Vn with ρi=γ(i)(γ) ∈ Enc(ρi=γ(i)(
⋃
A)) and ρi=γ′(i)(γ
′) ∈
∈ Enc(ρi=γ′(i)(
⋃
A));
(3) if γ, γ′ ∈ Vn are distinct such that ρi=γ(i)(γ) ∈ Enc(ρi=γ(i)(
⋃
A)) and ρi=γ′(i)(γ
′) ∈ Enc(ρi=γ′(i)(
⋃
A)),
then |A| ≥ n− 1 and χ(γ) 6= χ(γ′). Moreover,
• if γ(i) = γ′(i) then either |A| = n− 1 and nγ(i) = n− 1, or |A| = n and nγ(i) ≥ n− 1;
• if γ(i) 6= γ′(i) then either |A| = n− 1 and n0 = n1 = 0, or |A| = n and n0, n1 ≤ 1.
Proof. Assume that γ ∈ Enc(ρi=1(
⋃
A) and either |A| = n− 1, n1 = 0 or |A| = n and n1 = 1. Then every
neighbor α of γ with α(i) = 1 belongs to ρi=1(
⋃
A). Therefore there exist n − 1 vertices α ∈ ⋃A with
α(i) = 1 and χ(γ) 6= χ(ρi=1(α)). If |A| = n− 1 then there are |A| − n0 such vertices, if |A| = n then there
are |A| − n0 − 1 such vertices. This completes the proof of (1).
To prove (3), first note that the that the existence of a γ ∈ Vn with ρi=γ(i)(γ) ∈ Enc(ρi=γ(i)(
⋃
A))
immediately implies that |A| ≥ n− 1. Set
X = {α ∈ Vn | (α(i) = γ(i) ∧ {α, γ} ∈ E(Qn)) ∨ (α(i) = γ′(i) ∧ {α, γ′} ∈ E(Qn))},
then X ⊆ ⋃A. First assume that χ(γ) = χ(γ′). Then |X| ≥ 2n− 4, but as the vertices of X share the same
parity, we also have |X| ≤ |A| ≤ n. This would imply that n ≤ 4, contrary to our assumption. It follows
that χ(γ) 6= χ(γ′).
If γ(i) = γ′(i) then our assumptions on γ and γ′ imply that {γ, γ′} 6∈ E(Qn). Hence |X| = 2n− 2, X is
balanced and all vertices of X share the same i-th coordinate. Thus either |A| = n − 1 and nγ(i) = n − 1,
12
or |A| = n and — considering that i is separating for A — nγ(i) ≥ n− 1. If γ(i) 6= γ′(i) then |X| = 2n− 2,
X consists of n − 1 vertices with the i-th coordinate 0 and of n − 1 vertices with the i-th coordinate 1.
Moreover, the vertices of X with the same i-th coordinate share the same parity that is opposite for vertices
of distinct i-th coordinate. Therefore either |A| = n − 1 and n0 = n1 = 0, or |A| = n and n0, n1 ≤ 1. The
proof of (3) is complete.
To complete the proof of the lemma, note that (2) follows from (3). Indeed, if there are three pairwise
distinct vertices of Vn satisfying the assumptions of (2), then two of them must share the same parity,
contrary to (3). The proof is complete.
Lemma 3.9. Let n ≥ 6, i ∈ [n] and A ∈ Ωn such that n−1 ≤ |A| ≤ n+3, |A|−n+1 ≤ n0, n1 = |A|−n+1
where σi(A) = (n0, n1), and Enc(ρi=0(
⋃
A)) = ∅. Then
(1) if there exist two distinct pairs {α, β}, {α′, β′} ∈ A with α(i) = α′(i) = 0 6= β(i) = β′(i) and χ(α) =
χ(α′), then there exists γ ∈ Vn such that γ(i) = 0, γ, γ ⊕ ei /∈
⋃
A, {{α, γ}, {α′, γ}} ∩ E(Qn) 6= ∅, and
for both ` ∈ [2] we have
Enc(ρi=`(
⋃
A ∪ {γ, γ ⊕ ei})) = ∅;
(2) if there exist three pairwise distinct pairs {α, β}, {α′, β′}, {α′′, β′′} ∈ A with α(i) = α′(i) = α′′(i) =
0 6= β(i) = β′(i) = β′′(i) and χ(α) = χ(α′) = χ(α′′), then there exist distinct γ, γ′ ∈ Vn such that
γ(i) = γ′(i) = 0, γ, γ ⊕ ei, γ′, γ′ ⊕ ei /∈
⋃
A, {γ, η}, {γ′, η′} ∈ E(Qn) for some distinct η, η′ ∈ {α, α′, α′′}
and for both ` ∈ [2] we have
Enc(ρi=`(
⋃
A ∪ {γ, γ ⊕ ei, γ′, γ′ ⊕ ei})) = ∅.
Proof. Note that our assumptions imply that Enc(ρi=`(
⋃
A)) = ∅ for both ` ∈ [2] (the case ` = 1 follows
from the fact that n1 ≤ 4 < n − 1). First assume that A ∈ Ωn, A satisfies the assumptions of the lemma,
and {α, β}, {α′, β′} ∈ A are pairs such that χ(α) = χ(α′) and α(i) = α′(i) = 0 6= β(i) = β′(i). Then
|{η ∈
⋃
A | χ(α) 6= χ(η), η(i) = 0}| ≤ n0 + |A| − n0 − n1 − 2 = |A| − n1 − 2 = n− 3
|{η ∈
⋃
A | χ(α) = χ(η), η(i) = 1}| ≤ n1 + |A| − n0 − n1 − 2 = |A| − n0 − 2 ≤ n− 3
(∗)
because every pair {κ, κ′} ∈ A with κ(i) = κ′(i) contributes by 1 to the size of one of these sets (if κ(i) = 0
then it contributes to the first set, otherwise it contributes to the second set) and a pair {κ, κ′} ∈ A with
κ(i) = 0 6= κ′(i) and χ(κ) 6= χ(α) contributes to both sets by at most one. Therefore for every γ ∈ Vn
such that γ(i) = 0, χ(γ) 6= χ(α) and γ /∈ ⋃A we have that Enc(ρi=0(⋃A ∪ {γ})) = ∅ because of (∗),
n− 3 + 1 < n− 1 and Enc(ρi=0(
⋃
A)) = ∅. Analogously for every γ ∈ Vn such that ν(i) = 1, χ(γ) = χ(α)
and γ /∈ ⋃A we have that Enc(ρi=1(⋃A∪{γ})) = ∅. Thus if there are two distinct pairs {α, β}, {α′, β′} ∈ A′
such that 0 = α(i) = α′(i) 6= β(i) = β′(i) = 1 and χ(α) = χ(α′) and there exists γ ∈ Vn with γ(i) = 0,
γ, γ ⊕ ei /∈
⋃
A, and {α, γ} ∈ E(Qn), then Enc(ρi=0(
⋃
A∪ {γ, γ ⊕ ei})) = Enc(ρi=1(
⋃
A∪ {γ, γ ⊕ ei})) = ∅.
If there exist two distinct pairs {α, β}, {α′, β′} ∈ A such that 0 = α(i) = α′(i) 6= β(i) = β′(i) = 1
and χ(α) = χ(α′), then there exist at least 2n − 4 vertices γ such that γ(i) = 0 and {α, γ} ∈ E(Qn) or
{α′, γ} ∈ E(Qn). We claim that the number of vertices γ ∈ Vn such that γ(i) = 0 and {α, γ} ∈ E(Qn)
or {α′, γ} ∈ E(Qn) and γ ∈
⋃
A or γ ⊕ ei ∈
⋃
A is at most 2|A| − n0 − n1 − 4. To verify the claim, set
X = {γ ∈ Vn | γ(i) = 0, {{α, γ}, {α′, γ}} ∩ E(Qn) 6= ∅} and note that the cardinalities of the sets
{γ ∈ X | γ belongs to some {κ, κ′} ∈ A with κ(i) = κ′(i) = 0},
{γ ∈ X | γ ⊕ ei belongs to some {κ, κ′} ∈ A with κ(i) = κ′(i) = 1},
{γ ∈ X | γ or γ ⊕ ei belongs to some {κ, κ′} ∈ A with κ(i) 6= κ′(i)},
do not excedd n0, n1 and 2(|A| − n0 − n1 − 2), respectively, which sums up to 2|A| − n0 − n1 − 4. Since
2n− 4− (2|A| − n0 − n1 − 4) = (n− |A|+ n0) + (n− |A|+ n1) ≥ 2,
there are at least two vertices γ satisfying the conclusion of part (1).
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If there exist three pairwise distinct pairs {α, β}, {α′, β′}, {α′′, β′′} ∈ A such that 0 = α(i) = α′(i) =
α′′(i) 6= β(i) = β′(i) = β′′(i) = 1, then there exist at least 3n − 8 vertices γ ∈ Vn such that γ(i) = 0 and
{α, γ} or {α′, γ} or {α′′, γ} belongs to E(Qn). Analogously, there exist at most 2|A| − n0 − n1 − 6 vertices
γ ∈ Vn such that γ(i) = 0, {γ, γ ⊕ ei} ∩
⋃
A 6= ∅ and {α, γ} or {α′, γ} or {α′′, γ} belongs to E(Qn). Thus
there exist at least
3n− 8− 2|A|+ n0 + n1 + 6 = 3n− 2|A|+ n0 + n1 − 2 ≥ n
vertices γ ∈ Vn such that
γ(i) = 0, γ, γ ⊕ ei 6∈
⋃
A and {γ, δ} ∈ E(Qn) for some δ ∈ {α, α′, α′′}. (∗∗)
Note that such vertices γ share the same parity, different from χ(α). Using (∗) and the fact that two vertices
of the same parity have at most 2 < n− 3 neighbors in common, we infer that for each ` ∈ [2] there are at
most two distinct vertices γ` and γ
′
` such that Enc(ρl=0(
⋃
A∪{γ`, γ′`})) 6= ∅. Since n ≥ 6, there are distinct
γ, γ′ satisfying (∗∗) such that Enc(ρi=`(
⋃
A ∪ {γ, γ ⊕ ei, γ′, γ′ ⊕ ei})) = ∅ for both ` ∈ [2]. This completes
the proof of (2).
We say that i ∈ [n] is bad for a diminishable pair-set A ∈ Υn if |A| = n, i is separating for A with σi(A) =
(n0, n1) and there exist k ∈ [2] such that nk = n−3, n1−k = 1 and distinct pairs {α0, β0}, {α1, β1}, {α2, β2} ∈
A with α0(i) = α1(i) = k 6= β0(i) = β1(i) = α2(i) = β2(i), χ(α0) 6= χ(α1), and for every κ ∈ Vn with
κ(i) = k and {κ, αj} ∈ E(Qn) for some j ∈ {0, 1} we have κ ∈
⋃
(A \ {{αl, βl} | l ∈ [3]}) or κ = α1−j or
κ⊕ei ∈ {α2, β0, β1, β2}. Observe that for every {α, β} ∈ (A\{{αj , βj} | j = 0, 1, 2}) we have α(i) = β(i) = k.
Proposition 3.10. Let n ≥ 6 and i ∈ [n]. Let A ∈ Υn such that σi(A) = (n0, n1) and
• either |A| ≤ n− 1, n0, n1 ≤ |A| − 3 and if n = 6 and |A| = 5 then σi(A) 6= (0, 0);
• or |A| = n, 1 ≤ n0, n1 ≤ n− 3, i is separating for A and i is not bad for A.
Then there exists a simple i-completion B ∈ Ci(A) with ρi=0(B), ρi=1(B) ∈ Υn−1. If |A| = 5 and n = 6 then
for some i ∈ [6] either max{n0, n1} ≥ 3 or there exists a simple i-completion B of A with ρi=0(B), ρi=1(B) ∈
Υ5.
Proof. Assume that A ∈ Υn is a diminishable pair-set satisfying the assumptions of the proposition. By
Lemma 3.4 (1), there exists a simple i-completion B of A. If |A| < n− 1, then by Lemma 3.3, |ρi=k(B)| ≤
|A| < n−1 for every simple i-completion B of A and both k ∈ [2]. Since B is odd, we conclude that ρi=k(B)
is diminishable for both k ∈ [2]. Therefore we can assume that |A| ≥ n− 1.
Let σi(A) = (n0, n1). If |A| = n − 1 and n0, n1 6= 0 or |A| = n and n0, n1 > 1 then, by Corollary 3.7
and by Lemma 3.5 (2), for every simple i-completion B of A we have that ρi=`(B) are diminishable for both
` ∈ [2]. Therefore we can assume that
(i) either |A| = n− 1, 0 ≤ n0 ≤ n− 4, n1 = 0, and if n = 6, |A| = 5 then n0 > 0;
(ii) or |A| = n, 1 ≤ n0 ≤ n−3, n1 = 1 and there are edge-pairs {α0, β0}, {α1, β1} ∈ A with α0(i) = β0(i) = 0
and α1(i) = β1(i) = 1.
Assume that we have constructed a partial i-completion B of A satisfying
(a) there exist two edge pairs {α, β} ∈ B with α(i) = β(i) = 0;
(b) if γ ∈ Vn−1 is encompassed by
⋃
ρi=k(B) for some k ∈ [2], then γ ∈
⋃
ρi=k(B);
(c) if either |A| = n− 1 and n0 = 0, or |A| = n and n0 = 1, then there exist two edge pairs {α, β} ∈ B with
α(i) = β(i) = 1;
(d) |B| ≤ n+ 3 and σi(B) = (n0 + |B| − |A|, n1 + |B| − |A|).
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Since 2|B| −n0− |B|+ |A| −n1− |B|+ |A| = 2|A| −n0−n1, A is diminishable and n ≥ 6, we conclude that
2|A| − n0 − n1 ≤ 2n − 2 < 2n−2. For j ∈ [2], |B| − nj − |B| + |A| = |A| − nj ≤ n − 1. Thus we can apply
Lemma 3.4 (6) and (7) and we obtain the existence of simple i-completion B′ of B such that both ρi=`(B′)
are diminishable for both ` ∈ [2] (by Lemma 3.3, |ρi=`(B′)| ≤ n− 1 for both ` ∈ [2] and, by Lemma 3.4 (6)
and (7), B′ satisfies the conditions (a), (b) and (c)). Hence the proof will be complete.
We will construct a partial i-completion B satisfying (a), (b), (c), and (d) in two steps. In Step 1,
we construct a partial i-completion A′ of A such that Enc(ρi=`(
⋃
A′)) = ∅ for both ` ∈ [2] which settles
condition (b). In Step 2, we add suitable edge pairs to construct the required partial i-completion B,
satisfying also (a) and (c). The verification that B satisfies the condition (d) will be straightforward.
Step 1. If Enc(ρi=`(A)) = ∅ for both ` ∈ [2] then A′ = A satisfies (b). Thus we can assume that there
is γ ∈ Vn such that ρi=k(γ) ∈ Enc(ρi=k(
⋃
A)) for some k ∈ [2]. Then k = γ(i).
Since A ∈ Υn, we conclude that γ /∈ Enc(A) and therefore γ ⊕ ei /∈
⋃
A and, by Lemma 3.8 (2), if γ′ ∈
Enc(ρi=γ′(i)(A)) then either γ = γ
′ or γ(i) 6= γ′(i) and χ(γ) 6= χ(γ′). Thus if ρi=γ(i)(ν) ∈ Enc(ρi=γ(i)(
⋃
A ∪
{γ})) then {ν, γ} ∈ E(Qn) and ν(i) = γ(i). This is a contradiction with ρi=γ(i)(γ) ∈ Enc(ρi=γ(i)(A)).
Therefore Enc(ρi=γ(i)(
⋃
A ∪ {γ})) = ∅.
Since n0, n1 ≤ n− 3, there is a pair {β, β′} ∈ A with β(i) 6= β′(i), and without loss of generality we can
assume that β(i) = γ(i). Put
A1 = (A \ {{β, β′}}) ∪ {{β, γ}, {γ ⊕ ei, β′}},
then A1 is a partial i-completion of A, |A1| = |A|+ 1, σi(A1) = (n0 + 1, n1 + 1), and
Enc(ρi=γ(i)(A1)) = ∅.
If Enc(ρi=1−γ(i)(A1) = ∅, then A′ = A1 satisfies (b) and we are done in this step. Otherwise there exists
γ′ ∈ Vn \
⋃
A ∪ {γ} with ρi=l(γ′) ∈ Enc(ρi=l(
⋃
A1)) for some l ∈ [2]. Then, by Lemma 3.8 (2), we have
γ(i) 6= γ′(i) and χ(γ) 6= χ(γ′), while either |A| = n − 1 and n0 = 0, or |A| = n and n0 = 1. Applying the
same construction as above, put
A2 = (A1 \ {{β1, β′1}}) ∪ {{β1, γ′}, {γ′ ⊕ ei, β′1}},
for some {β1, β′1} ∈ A with β1(i) 6= β′1(i). By Lemma 3.8 (2), A′ = A2 satisfies (b).
Step 2. First observe that if |A| = n − 1 and n0 > 0 or |A| = n and n0 > 1 then, by Lemma 3.5 (3),
ρi=1(B) is diminishable for every simple i-completion B of A and therefore the condition (c) is satisfied for
them.
Further observe that the application of Step 1 creates one edge pair instead of an encompassed vertex
and deletes no edge pair of A. More precisely, if there exists a vertex encompassed by ρi=`(
⋃
A), then the
added edge pair {α, β} satisfies α(i) = β(i) = ` for ` ∈ [2]. Note that if n0 > 1, then such an encompassed
γ satisfies γ(i) = 0. Moreover, by Lemma 3.8 (3), if there are two such encompassed vertices γ, γ′, then
γ(i) 6= γ(i). Hence if |A′| = |A|+ 2 and |A| = n or |A′| = |A|+ 1, |A| = n and n0 > 1, then B = A′ satisfies
the conditions (a)–(d). We need to deal with the rest of the cases.
If |A| = n − 1 and |A′| > |A|, then there exists γ ∈ Vn and we can assume that γ(i) = 0 and ρi=0(γ) ∈
Enc(ρi=0(
⋃
A)). Therefore A′ contains an edge pair {α′, β′} with α′(i) = β′(i) = 0. Since n0 ≤ n − 4
we conclude that A′ contains at least two pairs {α, β} satisfying the assumptions of Lemma 3.9 (1) and if
|A′| = |A| + 2 then n0 = 0 by Lemma 3.8 (3) and |A′| contains at least three pairs {α, β} satisfying the
assumptions of Lemma 3.9 (2). Apply Lemma 3.9 (1) to obtain a pair {α, β} ∈ A′ with α(i) = 0 6= β(i) and
ν ∈ Vn such that {ν, α} ∈ E(Qn), ν(i) = 0 and ν, ν ⊕ ei /∈
⋃
A′. If |A′| = |A|+ 1, set
B = (A′ \ {{α, β}}) ∪ {{α, ν}, {ν ⊕ ei, β}}.
If |A′| = |A|+ 2 then apply Lemma 3.9 (1) to obtain {α′, β′} ∈ A′ \ {{α, β}} such that α′(i) = 1 6= β′(i) and
ν ′ ∈ Vn such that ν ′ 6= ν ⊕ ei, {ν ′, α′} ∈ E(Qn), ν ′(i) = 1, and ν ′, ν ′ ⊕ ei /∈
⋃
A′. Then set
B = (A′ \ {{α, β}, {α′, β′}}) ∪ {{α, ν}, {ν ⊕ ei, β}, {α′, ν ′}, {ν ′ ⊕ ei, β′}}.
In both cases B satisfies the conditions (a)–(d) (Lemma 3.8 (1) implies that B satisfies (b)).
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If |A| = n, n0 = 1 and |A′| = |A|+1, apply Lemma 3.9 (1) to obtain {α, β} ∈ A′ such that α(i) = 1 6= β(i)
and ν ′ ∈ Vn such that {ν ′, α′} ∈ E(Qn), ν ′(i) = 1 and ν ′, ν ′ ⊕ ei /∈
⋃
A′. Then set
B = (A′ \ {{α, β}}) ∪ {{α, ν}, {ν ⊕ ei, β}}
to obtain B satisfying the conditions (a)–(d) (Lemma 3.8 (1) implies that B satisfies (b)).
It remains to settle the case that A = A′. First assume that |A| = n. If n0 = 1 then there exist four
pairwise distinct {αj , βj} ∈ A for j = 0, 1, 2, 3 with αj(i) 6= βj(i). Thus we can assume α0(i) = α1(i) =
0 6= β2(i) = β3(i) and χ(α0) = χ(α1). By Lemma 3.9 (1), we can assume there exists γ ∈ Vn such that
{α0, γ} ∈ E(Qn) and γ, γ ⊕ ei /∈
⋃
A and Enc(ρi=`(
⋃
A ∪ {γ, γ ⊕ ei})) = ∅ for both ` ∈ [2]. Set
A3 = (A \ {{α0, β0}}) ∪ {{α0, γ}, {γ ⊕ ei, β0}}.
Since β1(i) = β2(i) = β3(i) we can assume that χ(β1) = χ(β2). By Lemma 3.9 (1), there exists γ
′ ∈ Vn such
that {β2, γ′} ∈ E(Qn) and γ′, γ′ ⊕ ei /∈
⋃
A3 and Enc(ρi=`(
⋃
A3 ∪ {γ′, γ′ ⊕ ei})) = ∅ for both ` ∈ [2]. Set
B = (A3 \ {{α2, β2}}) ∪ {{β2, γ′}, {α2, γ′ ⊕ ei}}
then B satisfies (a)–(d). If |A| = n, n0 > 1 and if there exist two distinct {α, β}, {α′, β′} ∈ A with
α(i) = α′(i) = 0 6= β(i) = β′(i) and χ(α) = χ(α′), then, by Lemma 3.9 (1), we can assume that there exists
γ ∈ Vn such that γ, γ ⊕ ei /∈
⋃
A, {α, γ} ∈ E(Qn) and Enc(ρi=`(A ∪ {γ, γ ⊕ ei})) = ∅ for both ` ∈ [2]. Set
B = (A \ {{α, β}}) ∪ {{α, γ}, {γ ⊕ ei, β}}
then B satisfies (a)–(d). If n0 < n− 3 then there exist at least three pairwise distinct pairs {α, β} ∈ A with
α(i) 6= β(i). Hence there exist two distinct {α, β}, {α′, β′} ∈ A with α(i) = α′(i) = 0 6= β(i) = β′(i) and
χ(α) = χ(α′) and the previous case applies. Thus we can assume that n0 = n−3 and for {α, β}, {α′, β′} ∈ A
with α(i) = α′(i) = 0 6= β(i) = β′(i) we have χ(α) 6= χ(α′). Then |ρi=1(
⋃
A)| = 4 and for both ` ∈ {−1, 1}
we have |{η ∈ ⋃ ρi=0(A) | χ(η) = `}| = n − 3 while |(η ∈ ⋃ ρi=1(A) | χ(η) = `})| = 2. Since i is not
bad, there exist {α, β} ∈ A with α(i) = 0 6= β(i) and γ ∈ Vn such that {γ, α} ∈ E(Qn), γ(i) = 0 and
γ, γ ⊕ ei /∈
⋃
A. Then Enc(
⋃
ρi=0(A) ∪ ρi=0(γ)) = ∅ and
B = (A \ {{α, β}}) ∪ {{α, γ}, {γ ⊕ ei, β}}
satisfies (a)–(d).
Now assume that A = A′ and |A| = n − 1. If n − 4 > n0 > 0 then there exist four pairwise distinct
{αj , βj} ∈ |A| for j = 0, 1, 2, 3 with αj(i) = 0 6= βj(i). Then we can assume that either αj for j ∈ [3]
have the same parity or χ(α0) = χ(α1) 6= χ(α2) = χ(α3). In both cases, by Lemma 3.9 (1) and (2), we
can assume that there exist distinct γ, γ′ ∈ Vn such that γ(i) = γ′(i) = 0, γ, γ ⊕ ei, γ′, γ′ ⊕ ei /∈
⋃
A and
{γ, α0}, {γ′, α2} ∈ E(Qn) and Enc(ρi=0(A ∪ {γ, γ′})) = ∅. Then
B = (A \ {{α0, β0}, {α2, β2}}) ∪ {{α0, γ}, {γ ⊕ ei, β0}, {α2, γ′}, {γ′ ⊕ ei, β2}}
satisfies (a)–(d).
If |A| = n− 1 and n0 = n− 4, then there exist {α, β}, {α′, β′}, {α′′, β′′} ∈ A with α(i) = α′(i) = α′′(i) =
0 6= β(i) = β′(i) = β′′(i). If χ(α) = χ(α′) = χ(α′′) then, by Lemma 3.9 (2), there are distinct γ, γ′ ∈ Vn such
that {α, γ}, {α′, γ′} ∈ E(Qn), γ, γ′, γ ⊕ ei, γ′ ⊕ ei /∈
⋃
A and Enc(ρi=0(A ∪ {γ, γ′})) = ∅. Then
B = (A \ {{α, β}, {α′, β′}}) ∪ {{α, γ}, {γ ⊕ ei}, {γ′, α′}, {γ′ ⊕ ei, β′}}
satisfies (a)–(d). If α, α′ and α′′ do not share the same parity, we can assume that χ(α) = χ(α′) 6= χ(α′′).
Then there exist n − 4 pairs {κ, λ} ∈ A with κ(i) = λ(i) = α(i) and therefore there exist {γ, γ′} such that
γ(i) = γ′(i) = α(i), {γ, α}, {γ′, α′} ∈ E(Qn) and γ, γ′, γ ⊕ ei, γ′ ⊕ ei /∈
⋃
A. Say, if there exist n− 3 vertices
κ such that κ(i) = α(i), {κ, α} ∈ E(Qn), {κ, κ⊕ ei} ∩
⋃
A 6= ∅ then there exist n− 3 vertices γ′ such that
γ′(i) = α(i), {γ′, α′} ∈ E(Qn), γ′, γ′ ⊕ ei /∈
⋃
A.
Since A is odd, it follows that there is exactly one ν ∈ ⋃A with ν(i) = 1 and χ(ν) = χ(α). Furthermore,
there are at least 2n − 4 vertices η ∈ Vn such that η(i) = 0 and {η, α} ∈ E(Qn) or {η, α′} ∈ E(Qn), and
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since |{ν ∈ ⋃A | χ(ν) 6= χ(α), ν(i) = 0}| = n − 3, there are at most n − 3 vertices η ∈ ⋃A with η(i) = 0
and {η, α} ∈ E(Qn) or {η, α′} ∈ E(Qn). Consequently, we conclude that there are at least n − 2 distinct
vertices η ∈ Vn such that η(i) = 0, η, η ⊕ ei /∈
⋃
A and {η, α} ∈ E(Qn) or {η, α′} ∈ E(Qn). Moreover, if
for some κ ∈ {α, α′} we have |{ξ ∈ Vn | {ξ, κ} ∈ E(Qn), ξ ∈
⋃
A or ξ ⊕ ei ∈
⋃
A}| = n − 2, then there
exists γ ∈ Vn such that γ(i) = 0, {γ, κ} ∈ E(Qn), γ, γ ⊕ ei 6∈
⋃
A and there exist at least n − 3 vertices
γ′ ∈ Vn such that γ′(i) = 0, γ′, γ′ ⊕ ei 6∈
⋃
A and {γ′, κ′} ∈ E(Qn) where {κ, κ′} = {α, α′}. Hence there
exist distinct γ, γ′ ∈ Vn such that γ(i) = γ(i) = 0, {α, γ}, {α′, γ′} ∈ E(Qn), γ, γ ⊕ ei, γ′, γ′ ⊕ ei /∈
⋃
A and
Enc(
⋃
ρi=0(A) ∪ ρi=0({γ, γ′})) = ∅. Thus
B = (A \ {{α, β}, {α′, β′}}) ∪ {{α, γ}, {γ ⊕ ei, β}, {γ′, α′}, {γ′ ⊕ ei, β′}}
satisfies (a)–(d).
If |A| = n− 1 and n0 = 0, then n > 6 and for every {α, β} ∈ A we have α(i) 6= β(i). In this case either
• there are five pairs {αj , βj} ∈ A for j ∈ [5] such that αj(i) = 0 6= βj(i) for all j ∈ [5] and χ(αj) = χ(αk)
for all j, k ∈ [5],
or there are six pairs {αj , βj} ∈ A for j ∈ [6] such that αj(i) = 0 6= βj(i) for all j ∈ [6] and χ(αj) 6= χ(αk)
for all j, k such that
• either j ∈ [3] and k ∈ [6] \ [3],
• or j ∈ [4] and k ∈ [6] \ [4].
By Lemma 3.9 (2) applied to {αj , βj} for j ∈ [3], we can assume that there exist distinct γ, γ′ ∈ Vn such
that {α0, γ}, {α1, γ′} ∈ E(Qn), γ(i) = γ′(i) = 0, γ, γ ⊕ ei, γ′, γ′ ⊕ ei /∈
⋃
A, and Enc(ρi=`(
⋃
A ∪ {γ, γ′, γ ⊕
ei, γ
′ ⊕ ei})) = ∅ for both ` ∈ [2]. Set
B1 = (A \ {{α0, β0}, {α1, β1}}) ∪ {{α0, γ}, {γ ⊕ ei, β0}, {α1, γ′}, {γ′ ⊕ ei, β1}}.
Then in the first case {αj , βj} for j = 2, 3, 4 and in the second case {αj , βj} for j = 3, 4, 5 satisfy the
assumptions of Lemma 3.9 (2), while in the third case {αj , βj} for j = 2, 3 as well as for j = 4, 5 satisfy the
assumptions of Lemma 3.9 (1). Thus we can assume that there exist distinct ν, ν ′ ∈ Vn such that ν(i) =
ν ′(i) = 1, {β3, ν}, {β4, ν ′} ∈ E(Qn), ν, ν⊕ei, ν ′, ν ′⊕ei /∈
⋃
A, and Enc(ρi=`(
⋃
B1∪{ν, ν ′, ν⊕ei, ν ′⊕ei})) = ∅
for both ` ∈ [2]. Set
B = (B1 \ {{α3, β3}, {α4, β4}}) ∪ {{β3, ν}, {ν ⊕ ei, α3}, {β4, ν ′}, {ν ′ ⊕ ei, α4}}.
Then B satisfies the conditions (a)–(d).
It remains to settle the case that n = 6 and |A| = 5. Note that for every {α, β} ∈ A there exists i ∈ [n]
such that α(i) = β(i) (otherwise we have α(i) 6= β(i) for every i ∈ [6] which means that {α, β} is even pair,
contrary to our assumption that A is odd) and we can assume that n0 > 0 and n1 = 0 for σi(A) = (n0, n1).
Thus if n0 ≤ 3 then σi(A) 6= (0, 0) and therefore — by the previous part of the proof — there exists a simple
i-completion B of A such that ρi=l(B) ∈ Υ5 for both l ∈ [2]. The proof is complete.
As a consequence, we obtain the following corollary that forms a cornerstone of the induction step.
Corollary 3.11. Let A ∈ Υn for n ≥ 6. Then there exists i ∈ [n] such that one of the following conditions
holds
(1) |A| = n− 1, min{n0, n1} = 0, max{n0, n1} ≥ |A| − 2 where σi(A) = (n0, n1);
(2) |A| = n, i is separating for A, min{n0, n1} = 1 and max{n0, n1} ≥ n− 3 where σi(A) = (n0, n1);
(3) |A| = n and i is bad for A;
(4) there exists a simple i-completion B of A such that ρi=0(B), ρi=1(B) ∈ Υn−1.
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4 Special cases
The aim of this section is to deal with the cases that were not resolved by Proposition 3.10, i.e. cases
(1)-(3) of Corollary 3.11. First we investigate the case that A ∈ Ωn−1n and there exists i ∈ [n] such that
σi(A) = (n0, n1) where n0 ≥ |A| − 2 and n1 = 0.
Lemma 4.1. Let n ≥ 5 and let A ∈ Ωn such that |A| ≤ n − 1 and σi(A) = (|A|, 0) for some i ∈ [n]. If
Ωn−2n−1 ⊆ Γn−1 then A ∈ Γn.
Proof. Choose {αˆ, βˆ} ∈ A and set α = ρi=0(αˆ), β = ρi=0(βˆ), and A′ = ρi=0(A \ {{αˆ, βˆ}}). By the
assumption, A′ ∈ Γn−1 and hence there exists a connector {Pγ,γ′ | {γ, γ′} ∈ A′} of A′. One of the following
possibilities occurs:
(A) there exist distinct {κ, κ′}, {ξ, ξ′} ∈ A′ such that α belongs to Pκ,κ′ and β belongs to Pξ,ξ′ ;
(B) there exists {κ, κ′} ∈ A′ such that α and β belong to the path Pκ,κ′ and {α, β} is not an edge of Pκ,κ′ ;
(C) there exists {κ, κ′} ∈ A′ such that {α, β} is an edge of the path Pκ,κ′ .
If (A) occurs then there exist subpaths (ζ, α, ζ ′) and (ν, β, ν ′) of Pκ,κ′ and Pξ,ξ′ , respectively such that ζ is
closer to κ than ζ ′ in Pκ,κ and ν is closer to ξ than ν ′ in Pξ,ξ′ . Set
A′′ = (A′ \ {{κ, κ′}, {ξ, ξ′}}) ∪ {{κ, ζ}, {α, α}, {ζ ′, κ′}, {ξ, ν}, {β, β}, {ν ′, ξ′}}.
If (B) occurs then there exist vertex-disjoint subpaths (ζ, α, ζ ′) and (ν, β, ν ′) of Pκ,κ′ such that ζ is closer to
κ than ζ ′ and ν in Pκ,κ′ and ν is closer to κ than ν ′ in Pκ,κ′ . Set
A′′ = (A′ \ {{κ, κ′}}) ∪ {{κ, ζ}, {α, α}, {ζ ′, ν}, {β, β}, {ν ′, κ′}}.
Since {Pγ,γ′ | {γ, γ′} ∈ A′} is a connector of A′, we conclude that in both cases A′′ ∈ Γn−1. Set
A′′′ = {{ζ, ζ ′}, {α, β}, {ν, ν ′}}.
Since χ(ζ) = χ(ζ ′) = χ(β) 6= χ(α) = χ(ν) = χ(ν ′) we conclude that A′′′ is balanced and, by Proposi-
tion 2.3 (6), A′′′ is connectable. Since ιi,0(A′′, A′′′)
∗
=⇒ A, by Lemma 2.2 we can conclude that A ∈ Γn.
If (C) occurs then there exists a subpath (ζ, α, β, ζ ′) of Pκ,κ′ such that ζ is closer to κ than ζ ′ in Pκ,κ′ .
Set
A′′ = (A′ \ {{κ, κ′}}) ∪ {{κ, ζ}, {α, β}, {ζ ′, κ′}}.
Since {Pν,ν′ | {ν, ν ′} ∈ A′} is a connector of A′, we conclude that A′′ ∈ Γn−1. Since χ(ζ) 6= χ(ζ ′),
A′′′ = {{ζ, ζ ′}} is connectable by Proposition 2.3 (1), and since ιi,0(A′′, A′′′) ∗=⇒ A, we have A ∈ Γn as
required.
Lemma 4.2. Let n ≥ 5 and let A ∈ Ωn be such that |A| ≤ n− 1 and σi(A) = (|A| − 1, 0) for some i ∈ [n].
If Ωn−2n−1 ⊆ Γn−1 then A ∈ Γn.
Proof. Since σi(A) = (|A| − 1), there exists {α′, β′} ∈ A with α′(i) 6= β′(i) while α(i) = β(i) = 0 for all
{α, β} ∈ A \ {{α′, β′}}. We can assume that α′(i) = 0. Set αˆ = ρi=0(α′), βˆ = ρi=1(β′) and A′ = ρi=0(A).
Since A′ ∈ Γn−1, there exists a connector {Pγ,γ′ | {γ, γ′} ∈ A′} of A′. Hence there exists {κ, κ′} ∈ A′ such
that αˆ belongs to the path Pκ,κ′ . Let (ζ, αˆ, ζ
′) be a subpath of Pκ,κ′ . Assuming without loss of generality
that ζ is closer to κ than ζ ′, set
A′′ = (A′ \ {{κ, κ′}}) ∪ {{κ, ζ}, {αˆ, αˆ}, {ζ ′, κ′}}
and note that A′′ ∈ Γn because {Pγ,γ′ | {γ, γ′} ∈ A′} is a connector of A′. Let
A′′′ = {{ζ, ζ ′}, {αˆ, βˆ}}.
Since χ(ζ) = χ(ζ ′) 6= χ(αˆ) = χ(βˆ) and ζ 6= ζ ′, we conclude that A′′′ ∈ B2n−1 with ‖A′′′‖ = 0, and therefore
by parts (2) and (4) of Proposition 2.3, A′′′ ∈ Γn−1. Since ιi,0(A′′, A′′′) ∗=⇒ A, it follows that A ∈ Γn.
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Lemma 4.3. Let n ≥ 5 and let A ∈ Ωn−1n be such that σi(A) = (|A|−2, 0) for some i ∈ [n]. If Υn−1 ⊆ Γn−1,
then A ∈ Γn.
Proof. If the assumptions of the lemma are satisfied, then there exist distinct {α0, β0}, {α1, β1} ∈ A with
αl(i) = 0 6= βl(i) for l = 0, 1 and α(i) = β(i) = 0 for all {α, β} ∈ A \ {{α0, β0}, {α1, β1}}.
(1) First assume that χ(α0) = χ(α1). Select a vertex γ ∈ Vn \
⋃
A with {α1, γ} ∈ E(Qn) and γ(i) = 0.
Since n ≥ 5 and χ(α0) = χ(α1), such a vertex γ exists. Let
B = (A \ {{α0, β0}, {α1, β1}}) ∪ {{α1, γ}}.
Since A is an odd pair-set, we infer that A′ = ρi=0(B) is an odd pair-set containing an edge pair and
|A′| = |B| = |A| − 1. Therefore A′ ∈ Υn−1 ⊆ Γn−1. Let {Pν,ν′ | {ν, ν ′} ∈ A′} be a connector of A′. Then
there exist {κ, κ′} ∈ A′ and a subpath (ζ, ρi=0(α0), ζ ′) of Pκ,κ′ such that ζ is closer to κ than ζ ′ in Pκ,κ′ . Set
A′′ = (A′ \ {{κ, κ′}}) ∪ {{κ, ζ}, {ρi=0(α0), ρi=0(α0)}, {κ′, ζ ′}}.
Then A′′ is connectable because {Pν,ν′ | {ν, ν ′} ∈ A′} is a connector of A′. Observe that
χ(ρi=0(γ)) 6=χ(ρi=0(α1)) = χ(ρi=1(β1)) = χ(ρi=0(α0))
χ(ζ) =χ(ζ ′) 6= χ(ρi=0(α0)) = χ(ρi=1(β0)).
If ρi=0(γ) /∈ {ζ, ζ ′} we infer that {ρi=0(α0), ρi=1(β0)}, {ζ, ζ ′} and {ρi=0(γ), ρi=1(β1)} are pairwise disjoint.
Hence
A′′′ = {{ρi=0(α0), ρi=1(β0)}, {ζ, ζ ′}, {ρi=0(γ), ρi=1(β1)}}
is balanced. By Proposition 2.3 (6), A′′′ ∈ Γn−1 and since ιi,0(A′′, A′′′) ∗=⇒ A, we conclude that A ∈ Γn. If
ρi=0(γ) ∈ {ζ, ζ ′} then {κ, κ′} = {ρi=0(α1), ρi=0(γ)} and we can assume that ρi=0(γ) = ζ ′. Then
A′′ = (A′ \ {{ρi=0(α1), ρi=0(γ)}} ∪ {{ρi=0(α1, ζ)}, {ρi=0(α0), ρi=0(γ)}}
is a connectable pair-set. Then
A′′′ = {{ρi=0(γ), ρi=1(β0)}, {ρi=1(β1), ζ}}
is an odd pair-set and, by Proposition 2.3 (3), A′′′ is connectable and from ιi,0(A′′, A′′′)
∗
=⇒ A it follows
that A is connectable.
(2) Therefore it remains to settle the case that χ(α0) 6= χ(α1). Then
B = ρi=0((A \ {{α0, β0}, {α1, β1}}) ∪ {{α0, α1}})
is an odd pair-set in Qn−1 with |B| = |A|−1. To simplify the notation, denote ρi=0(α0), ρi=0(α1), ρi=1(β0),
ρi=1(β1) by αˆ0, αˆ1, βˆ0, βˆ1.
(2.1) First assume that B ∈ Υn−1 ⊆ Γn−1. Note that then there exists a connector {Pν,ν′ | {ν, ν ′} ∈ B}
of B and consider three subcases.
(2.1.1) The length of the path Pαˆ0,αˆ1 is at least 5. Then there exists an edge {γ, γ′} of Pαˆ0,αˆ1 with
{γ, γ′} ∩ {βˆ0, βˆ1} = ∅. Without loss of generality we assume that γ is closer to αˆ0 than γ′ in Pαˆ0,αˆ1 . Let
A′ = (B \ {{αˆ0, αˆ1}}) ∪ {{αˆ0, γ}, {γ′, αˆ1}}
Then A′ is connectable because {Pν,ν′ | {ν, ν ′} ∈ B} is a connector of B. Set
A′′ = {{βˆ0, γ}, {βˆ1, γ′}}.
Then A′′ is balanced because χ(β0) 6= χ(β1), β0(i) = β1(i) and χ(γ) 6= χ(γ′). Since n − 1 ≥ 4, by
Proposition 2.3 (3) and (4) we conclude that A′′ ∈ Γn−1. Since ιi,0(A′, A′′) ∗=⇒ A, it follows that A ∈ Γn.
(2.1.2) Pαˆ0,αˆ1 = (αˆ0, κ, κ
′, αˆ1). If there exists an edge {γ, γ′} on Pαˆ0,αˆ1 with
{γ, γ′} ∩ {βˆ0, βˆ1} = ∅,
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then the construction of the previous case (2.1.1) applies. As χ(βˆ0) 6= χ(βˆ1), otherwise it must be the case
that {βˆ0, βˆ1} = {κ, κ′}. Hence Pαˆ0,αˆ1 = (αˆ0, βˆ1, βˆ0, αˆ1) because χ(αˆ0) = χ(βˆ0). Then set
A′′ = (B \ {{αˆ0, αˆ1}}) ∪ {{αˆ0, βˆ0}, {αˆ1, αˆ1}}
Since {Pν,ν′ | {ν, ν ′} ∈ B} is a connector of B, it follows that A′′ ∈ Γn−1. Since
A′′′ = {{αˆ1, βˆ1}, {βˆ0, βˆ0}}
is balanced, by Proposition 2.3 (2) we obtain that A′′′ ∈ Γn−1. Since ιi,0(A′′, A′′′) ∗=⇒ A, we conclude that
A ∈ Γn.
(2.1.3) Pαˆ0,αˆ1 = (αˆ0, αˆ1). Then we can assume that {αˆ0, αˆ1}∩{βˆ0, βˆ1} 6= ∅, for otherwise the construction
(2.1.1) applies. If {αˆ0, αˆ1} 6= {βˆ0, βˆ1}, then set
A′′ = (B \ {{αˆ0, αˆ1}}) ∪ {{αˆ0, αˆ0}, {αˆ1, αˆ1}}.
Clearly A′′ is connectable because {Pν,ν′ | {ν, ν ′} ∈ B} is a connector of B. Set
A′′′ = {{αˆ0, βˆ0}, {αˆ1, βˆ1}}.
Since χ(α0) = χ(β1) 6= χ(α1) = χ(β0) and α0(i) = α1(i) 6= β0(i) = β1(i), it follows that A′′′ is balanced and
therefore, by Proposition 2.3 (2), A′′′ is connectable. Since ιi,0(A′′, A′′′)
∗
=⇒ A, we conclude that A ∈ Γn.
If, on the other hand, {αˆ0, αˆ1} = {βˆ0, βˆ1}, select {α′, β′} ∈ B \ {{αˆ0, αˆ1}} and choose an edge {γ, γ′} on
the path Pα′,β′ such that γ is closer to α
′ than γ′. Set
A′′ = (B \ {{αˆ0, αˆ1}, {α′, β′}}) ∪ {{αˆ0, αˆ0}, {αˆ1, αˆ1}, {α′, γ}, {γ′, β′}},
then A′′ is connectable because {Pν,ν′ | {ν, ν ′} ∈ B} is a connector of B. Let
A′′′ = {{βˆ0, βˆ0}, {βˆ1, βˆ1}, {γ, γ′}}.
Since χ(β0) 6= χ(β1) and χ(γ) 6= χ(γ′), we infer that A′′′ is balanced and therefore connectable by Propo-
sition 2.3 (6). Since {α0, β0} and {α1, β1} are edges of Qn, we infer that ιi,0(A′′, A′′′) ∗=⇒ A and thus
A ∈ Γn.
(2.2) It remains to settle the case that χ(α0) 6= χ(α1) and B /∈ Υn−1. Then n = 5 and B = {{κj , νj} |
j ∈ [3]} such that {κj , νj} /∈ E(Q4) for all j ∈ [3] and there exists a set X ⊆ V4 such that κj , νj ∈ X for all
j ∈ [3] and the subgraph of Q4 induced by the set X is isomorphic to Q3. Note that then d(κj , νj) = 3 for
all i ∈ [3]. Assume that
A \ {{α0, β0}, {α1, β1}}) ∪ {{α0, α1}} = {{κ′j , ν ′j} | j ∈ [3]}
where ρi=0({κ′j , ν ′j}) = {κj , νj} and that {α0, α1} = {κ′2, ν ′2}. By Proposition 2.3 (8), we obtain that
A′ = {{κ0, ν0}, {κ1, ν1}, {κ2, κ2}, {ν2, ν2}}
is connectable. From χ(α0) 6= χ(α1) it follows that if γ ∈ {κ2, ν2} ∩ {βˆ0, βˆ1}, then either γ = αˆ0 = βˆ0, or
γ = αˆ1 = βˆ1. If {βˆ0, βˆ1} 6= {κ2, ν2}, then
A′′ = {{αˆ0, βˆ0}, {αˆ1, βˆ1}
is a balanced pair-set and, by Proposition 2.3 (2) and (4), A′′ ∈ Γ4. Then ιi,0(A′, A′′) ∗=⇒ A completes the
proof that A ∈ Γ5. Assume that {βˆ0, βˆ1} = {κ2, ν2}. Consider a connector {Pζ,ζ′ | {ζ, ζ ′} ∈ A′}, then there
exist {ζ, ζ ′} ∈ A′ and an edge {γ, γ′} of Pζ,ζ′′ such that γ is closer to ζ than γ′ in Pζ,ζ′ . Set
A′′ = (A′ \ {{ζ, ζ ′}}) ∪ {{ζ, γ}, {γ′, ζ ′}}.
Since {Pζ,ζ′ | {ζ, ζ ′} ∈ A′} is a connector of A′, we conclude that A′′ ∈ Γ4. Set
A′′′ = {{γ, γ′}, {αˆ0, βˆ0}, {αˆ1, βˆ1}}.
From αˆ0 = βˆ0 and αˆ1 = βˆ1 it follows that A
′′′ is balanced and, by Proposition 2.3 (6), A′′′ ∈ Γ4. Then
ιi,0(A
′, A′′′) ∗=⇒ A completes the proof that A ∈ Γ5.
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Lemma 4.4. Let n ≥ 5 and A = {{αi, βi} | i ∈ [4]} ∈ B4n such that {α0, β0} is an edge-pair, {α1, β1} is an
odd pair, {α2, β2} and {α3, β3} are even pairs and there is i ∈ [n] such that one of the following conditions
holds:
(1) α0(i) = β0(i) 6= α1(i) = β1(i),
(2) α0(i) = β0(i) = α1(i) = α2(i) 6= β1(i) = β2(i) = α3(i) = β3(i),
(3) α0(i) = α1(i) = α2(i) = β2(i) 6= β1(i) = α3(i) = β3(i) and χ(α1) 6= χ(α2).
Then A ∈ Γn.
Proof. Without loss of generality we can assume that α0(i) = 0. First consider the case (1). By Lemma 3.4 (2),
there exists a simple i-completion B of A and, by Lemma 3.5, there exists ` ∈ [2] such that |ρi=`(B)| =
‖ρi=`(B)‖ ∈ {1, 2, 3} while ρi=1−`(B) consists of one odd and two even pairs of opposite parities. Note that
we can assume that if ρi=`(B) consists of three odd pairs then {α0, β0} is one of them. Thus, by Corollary 2.6
and parts (5) and (6) of Proposition 2.3, ρi=`(B) ∈ Γn−1 for both ` ∈ [2] and therefore A ∈ Γn.
If condition (2) holds then, by Lemma 3.4 (2), there exists a simple i-completion B of A, and by
Lemma 3.5 we have |ρi=1(B)| = 3, ‖ρi=1(B)‖ = 1, |ρi=0(B)| = ‖ρi=0(B)‖ = 3 and ρi=0(B) contains an
edge-pair. Thus ρi=0(B) and ρi=1(B) are connectable by Corollary 2.6 (if n = 5) or Proposition 2.3 (5) (if
n > 5), and by Proposition 2.3 (6), respectively, and therefore A ∈ Γn.
It remains to settle the case (3). Since Vn−1 contains at least eight but ρi=0(
⋃
A) ∪ ρi=1(
⋃
A) contains
at most six vertices of parity p for both p ∈ {−1, 1}, there exist γ, γ′ ∈ Vn such that γ(i) = γ′(i) = 0,
χ(γ) 6= χ(α0), χ(γ′) = χ(α1) and γ, γ ⊕ ei, γ′, γ′ ⊕ ei /∈
⋃
A. If β0(i) = 1, set
B = (A \ {{α0, β0}, {α1, β1}}) ∪ {{α0, γ}, {γ ⊕ ei, β0}, {α1, γ′}, {γ′ ⊕ ei, β1}}.
Then for both ` ∈ [2], ρi=`(B) consists of one odd pair and two even pairs of opposite parities and therefore
is connectable by Proposition 2.3 (6). If β0(i) = 0, set
B = (A \ {{α1, β1}}) ∪ {{α1, γ′}, {γ′ ⊕ ei, β1}}.
Then ρi=0(B) consists of one edge-pair and two even pairs of opposite parities while ρi=1(B) consists of
two pure even pairs of opposite parities. Hence ρi=`(B) ∈ Γn−1 for both ` ∈ [2] by parts (6) and (4)
of Proposition 2.3, respectively. In both cases we have B =⇒ A and therefore A ∈ Γn. The proof is
complete.
The second part of this section investigates diminishable pair-sets A ∈ Υn such that |A| = n and
σi(A) = (n0, 1) where n0 > n− 3 for a separating i ∈ [n].
Lemma 4.5. Let A ∈ Υn for n ≥ 6 such that |A| = n and σi(A) = (n − 1, 1) for some separating i ∈ [n].
If Υn−1 ⊆ Γn−1 then A ∈ Γn.
Proof. Assume that A ∈ Υn satisfies the assumption of the lemma. Let {α0, β0}, {α1, β1} ∈ A be edge
pairs such that α0(i) = β0(i) = 0 and α1(i) = β1(i) = 1. Then α(i) = β(i) = 0 for all {α, β} ∈ A1 =
A \ {{α0, β0}, {α1, β1}}. Let us denote
X = {γ ∈ Vn | γ(i) = 0, {{γ ⊕ ei, α1}, {γ ⊕ ei, β1}} ∩ E(Qn) 6= ∅}.
Recall that by Observation 2.1 there exist no two distinct γ, γ′ ∈ Vn−1 such that χ(γ) = χ(γ′) and γ, γ′ ∈
Enc0(ρi=0(A)).
Claim A. Assume that there
(i) exists a pair {α, β} ∈ A1 such that α, β /∈ X,
(ii) or {α0, β0} = {α1 ⊕ ei, β1 ⊕ ei} and X =
⋃
A \ {α1, β1}.
Then A ∈ Γn.
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Proof of Claim A. Let A′ = ρi=0(A \ {{α, β}}) where {α, β} either satisfies (i), or in case (ii) is chosen
arbitrarily from A1. Then A
′ ∈ Ωn−1 and |A′| = n − 2, thus A′ is diminishable and, by the assumption,
A′ ∈ Γn−1. The proof that A ∈ Γn is similar to the proof of Lemma 4.1. Since A′ ∈ Γn−1, there exists a
connector {Pκ,κ′ | {κ, κ′} ∈ A′} of A′. Note that in case (ii) we have
if {κ, κ′} 6= {α0, β0} then each vertex γ of Pκ,κ′ satisfies γ ⊕ ei 6∈
⋃
A. (ii’)
Then one of the following possibilities occurs:
(A) there exist distinct {κ, κ′}, {ξ, ξ′} ∈ A′ such that ρi=0(α) belongs to Pκ,κ′ and ρi=0(β) belongs to Pξ,ξ′ ;
(B) there exists {κ, κ′} ∈ A′ such that {ρi=0(α), ρi=0(β)} is not an edge of Pκ,κ′ and ρi=0(α) and ρi=0(β)
belong to the path Pκ,κ′ ;
(C) there exists {κ, κ′} ∈ A′ such that {ρi=0(α), ρi=0(β)} is an edge of the path Pκ,κ′ .
If (A) occurs then there exist a subpath (ζ, ρi=0(α), ζ
′) of Pκ,κ′ such that ζ is closer to κ than ζ ′ in Pκ,κ′ and
a subpath (ν, ρi=0(β), ν
′) of Pξ,ξ′ such that ν is closer to ξ than ν ′ in Pξ,ξ′ . Using (i) or (ii’), we conclude
that
{ζ, ρi=0(α), ζ ′, ν, ρi=0(β), ν ′} ∩ {ρi=1(α1), ρi=1(β1)} = ∅.
Then
A′′ =(A′ \ {{κ, κ′}, {ξ, ξ′}}) ∪
∪ {{κ, ζ}, {ρi=0(α), ρi=0(α)}, {ζ ′, κ′}, {ξ, ν}, {ρi=0(β), ρi=0(β)}, {ν ′, ξ′}}
is a connectable pair-set. If (B) occurs then there exist vertex-disjoint subpaths (ζ, ρi=0(α), ζ
′) and (ν, ρi=0(β), ν ′)
of Pκ,κ′ such that ζ is closer to κ than ζ
′ and ν in Pκ,κ′ and ν is closer to κ than ν ′ in Pκ,κ′ . From (i) or
(ii’) it follows that {ζ, ρi=0(α), ζ ′, ν, ρi=0(β), ν ′} ∩ {ρi=1(α1), ρi=1(β1)} = ∅ and
A′′ = (A′ \ {{κ, κ′}}) ∪ {{κ, ζ}, {ρi=0(α), ρi=0(α)}, {ζ ′, ν}, {ρi=0(β), ρi=0(β)}, {ν ′, κ′}}
is a connectable pair-set. In both cases set
A′′′ = {{ρi=1(α1), ρi=1(β1)}, {ρi=0(α), ρi=0(β)}, {ζ, ζ ′}, {ν, ν ′}}.
Our goal is to prove that A′′′ satisfies the assumptions of Lemma 4.4. Let i ∈ [n] such that ρi=1(α1)(i) =
ρi=1(β1)(i) 6= ρi=0(α)(i) = ρi=0(β)(i). Then the assumptions of Lemma 4.4 (1) are satisfied and thus
A′′′ ∈ Γn. Thus we can assume that if ρi=1(α1)(i) = ρi=1(β1)(i) 6= ρi=0(α)(i) then ρi=0(β)(i) = ρi=1(α1)(i)
and by the symmetry, if ρi=1(α1)(i) = ρi=1(β1)(i) 6= ρi=0(β)(i) then ρi=0(α)(i) = ρi=1(α1)(i). Let us
denote i1 = ζ∆ρi=0(α), i2 = ζ
′∆ρi=0(α), i3 = ν∆ρi=0(β), i4 = ν ′∆ρi=0(β). If ρi=1(α1)(i) = ρi=1(β1)(i) 6=
ρi=0(α)(i) and i 6= i1, i2, then the assumptions of Lemma 4.4 (2) or (3) are satisfied and thus A′′′ ∈ Γn. Thus
we can assume if ρi=1(α1)(i) = ρi=1(β1)(i) 6= ρi=0(α)(i) then i ∈ {i1, i2}, and, by symmetry, if ρi=1(α1)(i) =
ρi=1(β1)(i) 6= ρi=0(β)(i) then i ∈ {i3, i4}. Thus ρi=0(α)∆ρi=0(β) ⊆ {i1, i2, i3, i4, ρi=1(α1)∆ρi=1(β1)} and
ρi=1(α1)∆ζ, ρi=1(β1)∆ζ ⊆ {i2, ρi=1(α1)∆ρi=1(β1)}.
Without loss of generality we assume that ρi=1(α1)∆ζ = {i2} and ρi=1(α1)∆ζ ′ = {i1}. By symmetry,
ρi=1(α1)∆ν, ρi=1(β1)∆ν ⊆ {i4, ρi=1(α1)∆ρi=1(β1)}
and ρi=1(α1)∆ν
′, ρi=1(β1)∆ν ′ ⊆ {i3, ρi=1(α1)∆ρi=1(β1)}. If ij = ik for some j = 1, 2 and k = 3, 4, then
for i = ij we have α1(i) = β1(i) 6= α(i) = β(i) and A therefore satisfies the assumptions of Lemma 4.4 (1),
which means that A′′′ ∈ Γn. Thus we can assume that i1, i2, i3, i4 are pairwise distinct and since {α, β} is
an odd pair, we conclude that
ρi=0(α)∆ρi=0(β) = {i1, i2, i3, i4, ρi=1(α1)∆ρi=1(β1)}.
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But then i = ρi=1(α1)∆ρi=1(β1) satisfies the assumptions of Lemma 4.4 (3). In all cases, A
′′′ ∈ Γn−1 by
Lemma 4.4. Since ιi,0(A
′′, A′′′) ∗=⇒ A, we conclude that A ∈ Γn.
If (C) occurs then there exists a subpath (ζ, ρi=0(α), ρi=0(β), ζ
′) of Pκ,κ′ such that ζ is closer to κ than
ζ ′ in Pκ,κ′ . Set
A′′ = (A′ \ {{κ, κ′}}) ∪ {{κ, ζ}, {ρi=0(α), ρi=0(β)}, {ζ ′, κ′}}.
Since {Pν,ν′ | {ν, ν ′} ∈ A′} is a connector of A′, we conclude that A′′ ∈ Γn−1. Since χ(ζ) 6= χ(ζ ′) and (i)
or (ii’) holds, by Proposition 2.3 (3), A′′′ = {{ζ, ζ ′}, {ρi=1(α1), ρi=1(β1)}} is a connectable pair-set. Since
ιi,0(A
′′, A′′′) ∗=⇒ A, we obtain that A ∈ Γn and the proof of Claim A is complete.
Therefore we can assume that {α, β} ∩X 6= ∅ for every pair {α, β} ∈ A \ {{α1, β1}}.
Claim B. Let {α, β} ∈ A1 such that β /∈ X. If there exists {α, κ} ∈ E(Qn) such that κ(i) = 0, κ, κ⊕ei /∈
⋃
A
and A′ = ρi=0((A \ {{α, β}}) ∪ {{α, κ}}) ∈ Υn−1, then A ∈ Γn.
Proof of Claim B. Since A1 ∈ Υn−1 ⊆ Γn−1 by our assumptions, there exists a connector {Pζ,ζ′ | {ζ, ζ ′} ∈
A′} of A′. Hence there are {ζ, ζ ′} ∈ A′′ and a subpath (ν, ρi=0(β), ν ′) of Pζ,ζ′ such that ν is closer to ζ than
ν ′ in Pζ,ζ′ . Then
A′′ = (A′ \ {{ζ, ζ ′}}) ∪ {{ζ, ν}, {ρi=0(β), ρi=0(β)}, {ζ ′, ν ′}}
is connectable because {Pξ,ξ′ | {ξ, ξ′} ∈ A′} is a connector of A′. Let
A′′′ = {{ρi=1(α1), ρi=1(β1)}, {ρi=0(β), ρi=0(κ)}, {ν, ν ′}}.
Since β /∈ X, A′′′ is a pair-set and from χ(ν) = χ(ν ′) 6= χ(ρi=0(β)) = χ(ρi=0(κ)), χ(α1) 6= χ(β1) it follows,
by Proposition 2.3 (6), that A′′′ ∈ Γn−1, we can conclude that ιi,0(A′′, A′′′) ∗=⇒ A. By Lemma 2.2 we
conclude that A ∈ Γn and the proof of Claim B is complete.
Claim C. If there exists γ ∈ Enc(ρi=0(A)) then A ∈ Γn.
Proof of Claim C. First observe that if η ∈ Enc(ρi=0(A)) then for ν = ιi=0(η) we have ν /∈
⋃
A, for
otherwise η ∈ ⋃(ρi=0(A)). Since A ∈ Υn implies Enc(A) = ∅, we conclude that ν ⊕ ei /∈ {α1, β1}. Hence
ρi=1(α1), ρi=1(β1) /∈ Enc(ρi=0(A)). Since Enc0(ρi=0(X)) = {ρi=1({α1, β1}), it follows that
(a) for η = ρi=0(ν) ∈ Enc(ρi=0(A)) there are at most two κ ∈ X with {ν, κ} ∈ E(Qn).
By Observation 2.1, if η = ρi=0(ν), η
′ = ρi=0(ν ′) ∈ Enc(ρi=0(A)) are distinct, then χ(η) 6= χ(η′). Since
|ρi=0(A)| = n− 1, we conclude that
(b) for such ν, ν ′ and every {α, β} ∈ A with α(i) = β(i) = 0 we have either {α, ν}, {β, ν ′} ∈ E(Qn) or
{α, ν ′}, {β, ν} ∈ E(Qn).
Assume that there exist two distinct γ, γ′ ∈ Enc(ρi=0(A)). If η ∈ Enc0(ρi=0(
⋃
A) ∪ {γ}) then either
{η, γ} /∈ E(Qn) and η ∈ Enc(ρi=0(A)) or {η, γ} ∈ E(Qn) and η ∈ ρi=0(
⋃
A). Thus Enc(ρi=0(
⋃
A) ∪ {γ}) ⊆
Enc(ρi=0(A)). Therefore there exists {α, β} ∈ A1 such that {α, γ}, {β, γ′} ∈ E(Qn) (by (b)) and β /∈ X (by
(a)). Then
A′ = ρi=0(A \ {{α, β}}) ∪ {{ρi=0(α), γ}}
is an odd pair-set such that |A′| = n − 1, A′ contains two edge pairs, namely {ρi=0(α0), ρi=0(β0)} and
{ρi=0(α), γ}. Moreover, Enc(A′) ⊆ Enc(ρi=0(A) ∪ {γ}) = {γ′}, but γ′ is not encompassed by A′. Conse-
quently, A is connectable by Claim B.
Thus we can assume that {γ} = Enc(ρi=0(A)). If there exists {α, β} ∈ A1 such that {α, γ} ∈ E(Qn)
and β /∈ X, then analogously as in the foregoing case we obtain that A′ is diminishable and, by Claim B,
A is connectable. Observe that for every {α, β} ∈ A1 we have {{α, γ}, {β, γ}} ∩ E(Qn) 6= ∅. Thus we can
assume that for every {α, β} ∈ A1 we have {α, γ} ∈ E(Qn) and β ∈ X. Moreover, by (a), at least n− 4 > 1
of these pairs satisfy α /∈ X. Since for every η ∈ ⋃A with η(i) = 0 and χ(η) 6= χ(β) we have {η, γ} ∈ E(Qn)
and since there are at most two vertices κ ∈ Vn such that {κ, γ}, {κ, β} ∈ E(Qn), we conclude that there
exists κ ∈ Vn such that {β, κ} ∈ E(Qn), κ(i) = 0 and κ, κ⊕ ei /∈
⋃
A. Set
A′ = ρi=0(A \ {{α, β}}) ∪ {{ρi=0(β), ρi=0(κ)}}.
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Then Enc(A′) ⊆ Enc(ρi=0(
⋃
A ∪ {κ})) = {γ}, but γ is not encompassed by A′ and thus A′ is diminishable.
Hence A is connectable by Claim B and the proof of Claim C is complete.
Claim D. If there exists {α, β} ∈ A with β /∈ X and α ∈ X \ {α1 ⊕ ei, β1 ⊕ ei}, then A ∈ Γn.
Proof. Without loss of generality we can assume that {α, α1 ⊕ ei} ∈ E(Qn). Then for every ν ∈ Vn with
ν(i) = 0, {α, ν} ∈ E(Qn) and ν 6= α1 ⊕ ei (a)
we have ν⊕ei /∈
⋃
A. If some ν /∈ ⋃A and Enc(ρi=0((A\{α, β})∪{{α, ν}})) = ∅ then, by Claim B, A ∈ Γn.
Thus we can restrict to the case that
every ν ∈ Vn \
⋃
A with (a) satisfies Enc(ρi=0((A \ {α, β}) ∪ {{α, ν}})) = ∅. (b)
Assume that there are two distinct κ, κ′ such that κ ∈ Enc(ρi=0((A\{α, β})∪{{α, ν}})), κ′ ∈ Enc(ρi=0((A\
{α, β}) ∪ {{α, ν ′}})) for some ν, ν ′ satisfying (a) ν(i) = ν ′(i) = 0 and {α, ν}, {α, ν ′} ∈ E(Qn). Recall that
by Claim C we can assume that Enc(ρi=0(A)) = ∅. It follows that {κ, ρi=0(ν)}, {κ′, ρi=0(ν ′)} ∈ E(Qn−1)
and therefore χ(κ) = χ(κ′). Then n − 2 neighbors of both κ and κ′ belong to ρi=0(
⋃
A), vertices in these
neighborhoods have the same parity and the intersection of these neighboorhoods is at most doubleton. It
follows that ρi=0(
⋃
A) contains at least 2(n−2)−2 = 2n−6 vertices of the same parity. Since 2n−6 > n−1
for n ≥ 6, this is a contradiction with our assumption that ρi=0(A) consists of vertices of n − 1 odd pairs.
Thus there is at most one ν ∈ Vn \
⋃
A with ν(i) = 0, {α, ν} ∈ E(Qn), (a) such that Enc(ρi=0((A\{α, β})∪
{{α, ν}})) is nonepty and actually contains only a single vertex κ. Then (b) implies that at least n − 3
neighbors of ρi=0(α) belong to ρi=0(
⋃
A). As n−2 neighbors of κ also belong to ρi=0(
⋃
A), vertices in both
neighborhoods share the same parity and their intersection is a doubleton including ρi=0(ν) 6∈ ρi=0(
⋃
A), it
follows that ρi=0(
⋃
A) contains at least (n − 3) + (n − 2) − 1 = 2n − 6 vertices of the same parity. Since
2n− 6 > n− 1 for n ≥ 6, this leads to a contradiction as above.
It remains to deal with the case that
each ν ∈ Vn with (a) falls into
⋃
A. (c)
Then every neighbor β′ of α with β′(i) = 0 and β′ 6= α1 ⊕ ei falls into
⋃
A. Hence there are at least n− 2
pairs {α′, β′} ∈ A such that {α, β′} ∈ E(Qn), and n−3 of them satisfy β′ 6∈ X. Select one such pair {α′, β′}
and note that it satisfies the assumptions of this claim. If (c) holds for α′, then — similarly as above —
the neighborhood of ρi=0(α) and ρi=0(α
′) includes at least 2n − 5 vertices of ρi=0(
⋃
A), which leads to a
contradiction as 2n− 5 > n− 1 for n ≥ 5. Hence condition (c) and — by the previous part of the proof —
therefore also (b) fails for {α′, β′}. It follows that {α′, β′} satisfies the assumptions of Claim B and therefore
A ∈ Γn. The proof of Claim D is complete.
By Claims A and D we can assume that each pair {α, β} ∈ A \ {{α1, β1}} satisfies
(1) either α, β ∈ X,
(2) or α ∈ {α1 ⊕ ei, β1 ⊕ ei} while β 6∈ X.
Note that there are at most two pairs of type (2). First assume that there exists such a pair {α1 ⊕ ei, β} of
type (2). Since β 6∈ X implies that {α1 ⊕ ei, β} 6∈ E(Qn), the remaining vertices of ρi=0(
⋃
A) may occupy
at most n− 2 out of n− 1 neighbors of ρi=0(α1 ⊕ ei). Hence there is κ ∈ Vn \
⋃
A such that κ(i) = 0 and
{α1 ⊕ ei, κ} ∈ E(Qn). Note that then κ ⊕ ei /∈
⋃
A and A′ = ρi=0((A \ {{α1 ⊕ ei, β}}) ∪ {{α1 ⊕ ei, κ}})
contains two edge-pairs. Moreover, as
⋃
A′ ⊆ X or ⋃A′ ⊆ X ∪ {β′} — the latter occurring if there is
another pair {β1 ⊕ ei, β′} of type (2) — it follows that Enc(A′) = ∅. Indeed, the only vertex that could
be possibly encompassed by A′ is ρi=0(β1 ⊕ ei), but as χ(β1 ⊕ ei) = χ(κ) and (β1 ⊕ ei) ⊕ ei = β1 ∈
⋃
A,
this would imply that β1 ⊕ ei ∈ Enc(A), contrary to our assumption that A ∈ Υn. Hence A′ ∈ Υn−1 which
means that the assumptions of Claim B are satisfied and therefore A ∈ Γn.
It remains to deal with the case that no pairs of type (2) exist. Then X =
⋃
A \ {α1, β1}. If {α0, β0} =
{α1⊕ei, β1⊕ei} then A ∈ Γn by Claim A, so we can without loss of generality assume that {α0, β0}∩{α1⊕
ei, β1 ⊕ ei} = α1 ⊕ ei. But then {β1 ⊕ ei, β} is another edge-pair in A. Moreover, as ρi=0(
⋃
A) = ρi=0(X)
implies that Enc(ρi=0(
⋃
A)) = ∅, we can conclude that ρi=0(A) ∈ Υn−1 ⊆ Γn−1. By Proposition 2.3 (1),
ρi=1(A) ∈ Γn−1 and therefore A ∈ Γn. This completes the proof of Lemma 4.5.
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Lemma 4.6. Let A ∈ Υn for n ≥ 6 such that |A| = n and σi(A) = (n − 2, 1) for some separating i ∈ [n].
If Υn−1 ⊆ Γn−1 then A ∈ Γn.
Proof. Assume that A ∈ Υn satisfies the assumptions of the lemma. Then there exist edge pairs {α0, β0},
{α1, β1} ∈ A with α0(i) = β0(i) = 0, α1(i) = β1(i) = 1 and a pair {α2, β2} ∈ A with α2(i) 6= β2(i), while
α(i) = β(i) = 0 for every {α, β} ∈ A \ {{α1, β1}, {α2, β2}}. Assume that α2(i) = 0 and β2(i) = 1. The proof
is divided into several cases.
Claim A. If {α2, α1 ⊕ ei}, {α2, β1 ⊕ ei} /∈ E(Qn) then A ∈ Γn.
Proof of Claim A. From σi(A) = (n−2, 1) it follows that |ρi=0(A)| = n−2 and hence ρi=0(A) is connectable
because ρi=0(A) is odd. Let {Pκ,κ′ | {κ, κ′} ∈ ρi=0(A)} be a connector of ρi=0(A). Then there is a {η, η′} ∈
ρi=0(A) and a subpath (ζ, ρi=0(α2), ζ
′) of the path Pη,η′ such that ζ is closer to η than ζ ′ in the path Pη,η′ .
Set
A′′ = (ρi=0(A) \ {{η, η′}}) ∪ {{η, ζ}, {ρi=0(α2), ρi=0(α2)}, {ζ ′, η}}
then A′′ is connectable because {Pκ,κ′ | {κ, κ′} ∈ ρi=0(A)} is a connector of ρi=0(A). From {α2, α1 ⊕
ei}, {α2, β1 ⊕ ei} /∈ E(Qn) it follows that {ζ, ζ ′, ρi=0(α2} ∩ {ρi=1(α1), ρi=1(β1)} = ∅. Then
A′′′ = {{ρi=1(α1), ρi=1(β1)}, {ζ, ζ ′}, {ρi=0(α2), ρi=1(β2)}}
is a pair-set. Since χ(ζ) = χ(ζ ′) 6= χ(ρi=0(α2)) = χ(ρi=1(β2)) we infer, by Proposition 2.3 (6), that A′′′ is
connectable and from ιi,0(A
′′, A′′′) ∗=⇒ A it follows that A is connectable.
Thus we can assume that either {α2, α1 ⊕ ei} ∈ E(Qn) or {α2, β1 ⊕ ei} ∈ E(Qn).
Claim B. If ρi=0(α2) /∈ Enc0(
⋃
ρi=0(A) ∪ {ρi=1({α1, β1})}) then A is connectable.
Proof of Claim B. If there exists a vertex γ ∈ Vn such that
(a) {γ, α2} ∈ E(Qn), γ(i) = 0, γ, γ ⊕ ei /∈
⋃
A, and
(b) Enc(ρi=0(
⋃
A ∪ {γ})) = ∅,
we set A′ = ρi=0(A)∪{{ρi=0(α2), γ}}. Then A′ is an odd pair set with at least two edge-pairs, Enc(A′) = ∅
and |A′| = n − 1, which means that A′ ∈ Υn−1 ⊆ Γn−1. Since γ ⊕ ei /∈ {α1, β1} and χ(ρi=0(γ)) 6=
χ(ρi=0(α2)) = χ(ρi=1(β2)), we conclude, by Proposition 2.3 (3), that
A′′′ = {{ρi=1(α1), ρi=1(β1)}, {γ, ρi=1(β2)}}
is connectable and ιi,0(A
′′, A′′′) ∗=⇒ A implies that A is connectable.
Thus our first aim is to find a γ satisfying both (a) and (b). Since
ρi=0(α2) /∈ Enc0(
⋃
ρi=0(A) ∪ {ρi=1({α1, β1})}
there exists γ ∈ Vn satisfying (a). First assume that there are two distinct vertices γ, γ′ ∈ Vn satisfying (a).
Since χ(γ) = χ(γ′), we have
Enc(ρi=0(
⋃
A ∪ {γ})) ∩ Enc(ρi=0(
⋃
A ∪ {γ′})) = Enc(ρi=0(
⋃
A)).
Thus if Enc(ρi=0(A)) = ∅ then, by Observation 2.1, at least one of γ, γ′ satisfies both (a) and (b) which
means that A is connectable.
Next assume that there is a vertex γ′ ∈ Enc(ρi=0(
⋃
A)). Then γ′ /∈ ρi=1{α1, β1}, for otherwise γ =
ιi=0(γ
′) ∈ Enc(A), contrary to our assumption that A is diminishable. Since |ρi=0(A)| = n− 2, we conclude
that {α2, γ} ∈ E(Qn). Then γ, γ ⊕ ei /∈
⋃
A which means that γ satisfies (a). To prove that γ satisfies
(b), consider γ′′ ∈ Vn−1 such that γ′′ ∈ Enc0(ρi=0(
⋃
A) ∪ {γ′}). Then, by Observation 2.1, χ(γ′′) 6= χ(γ′)
which means that either {γ′′, γ′} ∈ E(Qn−1) or γ′′ ∈ Enc0(ρi=0(A)) because {γ′′, ρi=0(α2)} /∈ E(Qn−1).
In the first case γ′′ ∈ ρi=0(
⋃
A) because γ′ ∈ Enc(ρi=0(A)) while the second case is impossible because
|ρi=1(A)| = n− 2. Thus γ satisfies (b) and therefore A is connectable.
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The last case remaining to settle Claim B is that Enc(ρi=0(A)) = ∅ and there exists exactly one γ ∈ Vn
satisfying (a). Since {η ∈ ⋃A | η(i) = 1} = {α1, β1, β2} and exactly one of these three vertices shares its
parity with χ(γ ⊕ ei), we conclude that |{η ∈
⋃
A | η(i) = 0, {η, α2} ∈ E(Qn)}| ∈ {n− 2, n− 3}. Hence for
every γ′ ∈ Vn \ {α2} we have
|{η ∈
⋃
A ∪ {γ} | η(i) = 0, {η, γ′} ∈ E(Qn)}| ≤
{
4 if χ(γ′) = χ(α2)
n− 2 if χ(γ′) 6= χ(α2).
Since max{4, n − 2} < n − 1, it follows that Enc(ρi=0(
⋃
A ∪ {γ})) = ∅. Therefore γ satisfies both (a) and
(b) and hence A is connectable. The proof of Claim B is complete.
It remains to settle the case that ρi=0(α2) ∈ Enc(
⋃
ρi=0(A)∪ρi=1({α1, β1}) and {{α2, α1⊕ei}, {α2, β1⊕
ei}} ∩E(Qn) 6= ∅. We can without loss of generality assume that {α2, α1 ⊕ ei} ∈ E(Qn). Since |ρi=0(A)| =
n− 2, we conclude that every ν ∈ Vn \ {α1 ⊕ ei} with {α2, ν} ∈ E(Qn) belongs to
⋃
A and α1 ⊕ ei /∈
⋃
A.
Since A ∈ Υn, it follows that α1 ⊕ ei is not encompassed by
⋃
A. First consider that α2 = β2 ⊕ ei.
Then A′ = ρi=0(A) ∪ {{ρi=0(α2), ρi=1(α1)}} is an odd pair-set with two edge-pairs. Since ρi=0(α2) ∈
Enc(
⋃
ρi=0(A) ∪ ρi=1({α1, β1}), we conclude that Enc(A′) = Enc(ρi=0(A)) which is empty, as n − 2 odd
pairs of ρi=0(A) is not enough to encompass a vertex of Vn−1. It follows that A′ is diminishable and hence
connectable. Let {Pκ,τ | {κ, τ} ∈ A′} be a connector of A′. Then Pρi=0(α2),ρi=1(α1) = (ρi=0(α2), ρi=1(α1))
and there exists {ν, η} ∈ A′ such that (ζ, ρi=1(β1), ξ) is a subpath of Pν,η such that ζ is closer to ν than ξ
in Pν,η. Then
A′′ = (ρi=0(A) \ {{ν, η}})∪{{ρi=1(α1), ρi=1(α1)}, {ρi=1(β1), ρi=1(β1)},
{ρi=0(α2), ρi=0(α2)}, {ν, ζ}, {ξ, η}}
is connectable. Let
A′′′ = {{ρi=1(α1), ρi=1(α1)}, {ρi=1(β1), ρi=1(β1)}, {ρi=0(α2), ρi=0(α2)}, {ζ, ξ}}.
Since χ(ρi=0(α2)) 6= χ(ρi=1(α1)) and χ(ζ) = χ(ξ) 6= χ(ρi=1(β1)), we conclude that A′′′ is even and balanced.
Since A′′′ is connectable by Proposition 2.3 (7), ιi,0(A′′, A′′′)
∗
=⇒ A implies that A is connectable as well.
Secondly assume that α2 6= β2 ⊕ ei. Then the intersection of the neighborhood of β2 ⊕ ei with
⋃
A1
where A1 = A\{α1, β1, β2} contains at most two vertices because χ(α2) = χ(β2⊕ei) and all vertices of
⋃
A1
of parity −χ(α2) are neighbors of α2. Thus there exists γ ∈ Vn such that γ(i) = 0, {γ, β2 ⊕ ei} ∈ E(Qn),
γ, γ ⊕ ei /∈
⋃
A and Enc(ρi=0(
⋃
A ∪ {γ})) = ∅. Choose {α, β} ∈ A1 \ {{α0, β0}} such that {α, α2} ∈ E(Qn)
and there is ν ∈ Vn such that {α, ν} ∈ E(Qn), ν, ν ⊕ ei /∈
⋃
A and Enc(ρi=0(
⋃
A ∪ {ν})) = ∅. Let
A′ = (ρi=0(A \ {{α, β}})) ∪ {{α, ν}, {α2, γ}}.
Then A′ is diminishable and hence it is connectable. Let {Pη,τ | {η, τ} ∈ A′} be a connector of A′. Then
there exists {λ, ω} ∈ A′ such that (ζ, ρi=0(β), ξ) is a subpath of Pλ,ω and ζ is closer to λ than ξ in Pλ,ω.
Then
A′′ = (A′ \ {{λ, ω}}) ∪ {{λ, ζ}, {ξ, ω}, {ρi=0(β), ρi=0(β)}}
is connectable. Let
A′′′ = {{ρi=1(α1), ρi=1(β1)}, {ρi=0(γ), ρi=1(β2)}, {ρi=0(β), ρi=0(ν)}, {ζ, ξ}}.
Then
χ(ζ) = χ(ξ) 6= χ(ρi=0(β)) = χ(ρi=0(ν))
and {ρi=1(α1), ρi=1(β1)} and {ρi=0(γ), ρi=1(β2)} are edge-pairs. Note that this means that there is i′ ∈
[n − 1] such that ρi=1(α1)(i′) = ρi=1(β1)(i′) 6= ρi=0(γ)(i′) = ρi=1(β2)(i′). Hence, by Lemma 4.4 (1), A′′′ is
connectable and from ιi,0(A
′′, A′′′) ∗=⇒ A it follows that A ∈ Γn.
The last lemma tackles diminishable pair-sets with a bad coordinate.
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Lemma 4.7. Let A ∈ Υn for n ≥ 6 such that i ∈ [n] is bad for A. If Υn−1 ⊆ Γn−1 then A ∈ Γn.
Proof. Since i ∈ [n] is bad for a diminishable pair-set A we conclude that |A| = n and there exist
{α0, β0}, {α1, β1}, {α2, β2}, {α3, β3} ∈ A such that α0(i) = β0(i) = α2(i) = α3(i) = 0, α1(i) = β1(i) =
β2(i) = β3(i) = 1, χ(α2) 6= χ(α3), α(i) = β(i) = 0 for all {α, β} ∈ A \ {{αj , βj} | j ∈ [4]}. Furthermore,
(a) for every κ ∈ Vn such that κ(i) = 0 and {κ, αj} ∈ E(Qn) for some j ∈ {2, 3} we have that {κ, κ⊕ ei} ∩⋃
A 6= ∅.
Since |{κ ∈ ⋃A | κ(i) = 0, χ(κ) = l}| = n − 2, for every l ∈ {−1, 1} and {κ ∈ ⋃A | κ(i) = 1} =
{α1, β1, β2, β3}, we obtain that for both j ∈ {2, 3},
|{κ ∈ Vn | κ(i) = 0, {κ, αj} ∈ E(Qn), κ ∈
⋃
A}| ∈ {n− 3, n− 2},
|{κ ∈ Vn | κ(i) = 0, {κ, αj} ∈ E(Qn), κ⊕ ei ∈
⋃
A}| ∈ {1, 2}.
(b)
Moreover, if |{κ ∈ ⋃A | κ(i) = 0, {κ, αj} ∈ E(Qn)}| = n − 2 then {α2, α3} ∈ E(Qn). Therefore for every
κ ∈ Vn,
if κ(i) = 0 and κ 6= α2, α3 then |{γ ∈
⋃
A | {γ, κ} ∈ E(Qn), γ(i) = 0}| ≤ 3,
if κ(i) = 1 then |{γ ∈
⋃
A | {γ, κ} ∈ E(Qn), γ(i) = 1}| ≤ 2.
(c)
These facts are exploited later in the proof to show that some vertices are not encompassed by a suitable
set.
Let A′ = ρi=0
(
(A \ {{α2, β2}, {α3, β3}})∪ {α2, α3}
)
. Then A′ is an odd pair-set with |A′| = n− 2 which
means that A′ ∈ Υn−1 ⊆ Γn−1. Let {Pκ,κ′ | {κ, κ′} ∈ A′} be a connector of A′. For simplicity let us denote
α′j = ρi=αj(i)(αj) and β
′
j = ρi=βj(i)(βj) for j ∈ [4]. Observe that if {α′j , β′j′} ∈ E(Qn−1) for some j, j′ ∈ {2, 3}
then j 6= j′.
Claim A. If {α′2, α′1}, {α′3, β′1} are edges of Pα′2,α′3 then A ∈ Γn. Analogously if {α′2, β′1}, {α′3, α′1} are edges
of Pα′2,α′3 then A ∈ Γn.
Proof of Claim A. Since {Pκ,κ′ | {κ, κ′} ∈ A′ is a connector of A′ we conclude that
A′′ = (A′ \ {{α′2, α′3}}) ∪ {{α′2, α′2}, {α′3, α′3}, {α′1, β′1}}
is connectable. If {α′2, α′3} 6= {β′2, β′3} then
A′′′ = {{α′1, α′1}, {β′1, β′1}, {α′2, β′2}, {α′3, β′3}}
is a balanced pair-set because χ(α1) 6= χ(β1), χ(α′2) = χ(β′2) 6= χ(α′3) = χ(β′3). By Proposition 2.3 (7), A′′′
is connectable and from ιi,0(A
′′, A′′′) ∗=⇒ A it follows that A is connectable as well. If {α′2, α′3} = {β′2, β′3}
then α′2 = β′2 and α′3 = β′3. Choose an edge {ξ, ξ′} in a path Pκ,κ′ for some {κ, κ′} ∈ A′ \ {{α′2, α′3}} such
that ξ is closer to κ than ξ′ in Pκ,κ′ . Set
A′′ =(A′ \ {{α′2, α′3}}) ∪ {{α′2, α′2}, {α′3, α′3}, {α′1, β′1}, {κ, ξ}, {ξ′, κ′}}
A′′′ ={{α′1, α′1}, {β′1, β′1}, {β′2, β′2}, {β′3, β′3}, {ξ, ξ′}}
Then A′′ is connectable because {Pη,η′ | {η, η′} ∈ A′′} is a connector of A′′ while A′′′ is a balanced pair-set
with four degenerated pairs and therefore connectable by Proposition 2.3 (9). From ιi,0(A
′′, A′′′) ∗=⇒ A it
follows that A is connectable and the proof of Claim A is complete.
Claim B. If {α′j , β′5−j)} is an edge of Pα′2,α′3 and αj ⊕ ei /∈ {α1, β1} for some j ∈ {2, 3} then A ∈ Γn.
Proof of Claim B. Let A′′ = (A′ \ {{α′2, α′3}}) ∪ {{α′j , α′j}, {α′5−j , β′5−j}}, then A′′ is connectable because
{Pκ,κ′ | {κ, κ′} ∈ A} is a connector of A′. Set
A′′′ = {{α′1, β′1}{α′j , β′j}, {β′5−j , β′5−j}}.
Since αj ⊕ ei /∈ {α1, β1} and χ(α′j) = χ(β′j) 6= χ(β′5−j), we conclude that A′′′ is a balanced pair-set and, by
Proposition 2.3 (6), A′′′ is connectable. From ιi,0(A′′, A′′′)
∗
=⇒ A it follows that A ∈ Γn and the proof of
Claim B is complete.
27
Note that if assumptions of Claim A do not hold, then (a) implies that {α′j , β′5−j} for some j ∈ {2, 3}
is an edge of the path Pα′2,α′3 . Then the edge {α′5−j , ζ} of the path Pα′2,α′3 satisfies ζ ∈ {α′1, β′1, β′j}. If
ζ ∈ {α′1, β′1} then αj ⊕ ei /∈ {α1, β1} and, by Claim B, A is connectable. If ζ = β′j then, by Claim B, A is
connectable whenever {α2 ⊕ ei, α3 ⊕ ei} 6= {α1, β1}. The following fact strengthens this observation.
Claim C. If the path Pα′2,α′3 is of length at least 5 then A is connectable.
Proof of Claim C. By Claims A and B we can assume that {α1, β1} = {α2 ⊕ ei, α3 ⊕ ei}. Since the length
of Pα′2,α′3 is at least 5, there exists an edge {ν, ν ′} of the path Pα′2,α′3 such that ν is closer to α′2 than ν ′ in
Pα′2,α′3 and neither {α′2, ν} nor {ν ′, α′3} is an edge of Pα′2,α′3 . Hence
A′′ = (A′ \ {{α′2, α′3}}) ∪ {{α′2, ν}, {ν ′, α′3}}
is connectable. Set
A′′′ = {{α′1, β′1}, {ν, β′2}, {ν ′, β′3}}.
From {α1, β1} = {α2 ⊕ ei, α3 ⊕ ei} we conclude that A′′′ is a pair-set. Then either A′′′ is odd and there-
fore connectable by Proposition 2.3 (5), or A′′′ is balanced with ‖A′′′‖ = 1 and therefore connectable by
Proposition 2.3 (6). Then ιi,0(A
′′, A′′′) ∗=⇒ A completes the proof of Claim C.
Thus we can assume that either Pα′2,α′3 = (α
′
2, β
′
3, β
′
2, α
′
3) and {α2 ⊕ ei, α3 ⊕ ei} = {α1, β1} or Pα′2,α′3 =
(α′2, α′3).
Claim D. If Pα′2,α′3 = (α
′
2, α
′
3) and {α′2, α′3} ∩ {α′1, β′1} = ∅ then A is connectable.
Proof of Claim D. Since {Pκ,κ′ | {κ, κ′} ∈ A′} is a connector of A′ and Pα′2,α′3 = (α′2, α′3), we conclude that
A′′ = (A′ \ {{α′2, α′3}}) ∪ {{α′2, α′2}, {α′3, α′3}}
is connectable. By Proposition 2.3 (6),
A′′′ = {{α′1, β′1}, {α′2, β′2}, {α′3, β′3}}
is connectable because χ(α′2) = χ(β′2) 6= χ(α′3) = χ(β′3). Then ιi,0(A′′, A′′′) ∗=⇒ A completes the proof.
Thus it remains to settle the cases
• Pα′2,α′3 = (α′2, α′3) and {α′2, α′3} ∩ {α′1, β′1} 6= ∅;
• Pα′2,α′3 = (α′2, β′3, β′2, α′3) and {α′2, α′3} = {α′1, β′1}
because otherwise A is connectable. We can assume that α′3 = β′1. Then α1 ⊕ ei 6= α2 ⊕ ej for all j ∈ [n].
Therefore if η ∈ Vn such that {α2, η} ∈ E(Qn) and η ⊕ ei ∈ {α1, β1, β2, β3}, then η = β3 ⊕ ei. Considering
(a) and (b), it follows that
{η ∈ Vn \
⋃
A | {η, α2} ∈ E(Qn)} = {β3 ⊕ ei}.
Since n ≥ 6 we can choose γ, γ′ ∈ Vn−1 \ ρi=0(
⋃
A) such that χ(γ) 6= χ(α′2), {γ, α′2} /∈ E(Qn−1) and
{γ′, α′3} ∈ E(Qn−1). From (c) we deduce that Enc(ρi=0(
⋃
(A)) ∪ {γ, γ′}) = ∅. Set
A1 = (A
′ \ {{α′2, α′3}}) ∪ {{α′2, γ}, {α′3, γ′}}.
Then A1 is an odd pair-set, Enc(A1) = Enc(ρi=0(
⋃
(A)) ∪ {γ, γ′}) = ∅, |A1| = n − 1 and A1 contains
two edge pairs {α′0, β′0}, {α′3, γ′}, thus A1 ∈ Υn−1 ⊆ Γn−1. Let {Pκ,κ′ | {κ, κ′} ∈ A1} be a connector of
A1. First assume that there exist {η, η′} ∈ A1 \ {{α′3, γ′}} and a subpath (ζ, ξ, ξ′, ζ ′) of Pη,η′ such that
{ξ, γ′} ∈ E(Qn−1), ζ, ζ ′, ξ′ /∈ ρi=1(
⋃
A) and ζ is closer to η than ζ ′ in Pη,η′ . Thus
A′′ = (A1 \ {{α′3, γ′}}) ∪ {{α′3, ξ′}, {η, ζ}, {ζ ′, η′}}
is connectable. Set
A′′′ = {{α′1, β′1}, {ζ, ζ ′}, {γ, β′2}, {ξ′, β′3}}.
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Since χ(ζ) 6= χ(ζ ′), χ(γ) 6= χ(α′2) = χ(β′2) and χ(ξ′) 6= χ(ξ) = χ(α′3) = χ(β′3), we conclude that A′′′ ∈ Ωn−1
and from n ≥ 6 and |A′′′| = 4 it follows that A′′′ ∈ Υn−1 ⊆ Γn−1.
Otherwise it must be the case that the path Pα′3,γ′ from the connector of A1 passes through at least four
neighbors of γ′ in Vn−1 \
⋃
A1. Then Pα′3,γ′ = (α
′
3, ζ
′, ξ′, ξ, ζ, . . . , γ′) and — regarding (a) and (b) — we
have {ζ ′, γ′} = {α′1, β′2}. Note that we can assume that ζ ′ 6= β′3, for otherwise the path (α′3, ζ ′, ξ′, ξ, ζ, . . . , γ′)
may be replaced with the path (α′3, γ′, . . . , ζ, ξ, ξ′, ζ ′) which possesses the desired property. Assuming that
ζ ′ = α′1 and γ′ = β′2 (the other case is analogic), observe that then
A′′ = (A1 \ {{α′3, γ′}}) ∪ {{α′3, ξ′}, {γ′, ξ}}
is connectable. Set
A′′′ = {{α′1, β′1}, {ξ, α′2}, {ξ′, β′3}}.
Since χ(ξ) = χ(α′2) 6= χ(ξ′) = χ(β′3), we conclude that A′′′ is connectable by Proposition 2.3 (6).
In both cases, ιi,0(A
′′, A′′′) ∗=⇒ A implies that A is connectable, which completes the proof of Lemma 4.7.
At this point we are ready to gather the fruit of our efforts. The basis of our inductive construction is
described as Theorem 2.7. The general inductive step is formulated as part (4) of Corollary 3.11, while special
cases (1)-(3) are settled by Lemmas 4.1, 4.2 and 4.3, Lemmas 4.5 and 4.6, and Lemma 4.7, respectively.
Theorem 4.8. Υn ⊆ Γn for every n ≥ 5.
Putting together Theorem 4.8 with Propositions 2.4 and 2.5 that settle the case of dimension n < 5, we
can fulfill our main goal and characterize odd pair-sets that are connectable.
Corollary 4.9. Let A ∈ Ωn−1n . Then A is connectable if and only if either n 6= 4 or n = 4 and A is not
isomorphic to the pair-set C2 on Fig. 2.
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